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Abstract

An adaptive model of three dimensional finite element approaches has been developed to perform static
analysis of helical gears. Several typical contact conditions due to different tooth engagement positions and
face widths are studied. Tooth deformation and load distribution along the contact line of separate contact
conditions are calculated and compared. For gears with narrower face width or smaller helix angle, local
contact compliance has a very significant effect on the total tooth deformation and the load distribution along
the contact line is more uniform. On the contact line, the magnitude of tooth load is greater at the points that
have higher meshing stiffness and lower deformation. The present model provides more detailed
information regarding tooth surface deformation when compared with existing gear literature. It can be used
to design helical gears for minimum transmission error to help reduce dynamic loading and stress of the gear
systems.

Nomenclature

A sum of displacement at point i of a meshing tooth pair due to an unit load at point j
(mm/N)

Cj displacement of point i on the contact line due to an unit load at point j (mm/N)

E Young's modulus of elasticity (Mpa)

F face width of gear tooth (mm)

fi displacement of node point i on the contact line (mm)

L¢ contact line length (mm)

M number of points on the contact line

mp, My profile and face contact ratios

N; interpolation function of node i of an element

P; applied load at point j on the contact line (N)

P transverse base pitch (mm)

Ry, R,,  base and pitch radii of gears (mm)

R tip radius of gears (mm)

[Bi] strain shape function matrix

D] elasticity matrix

[Ki] element stiffness matrix

Greek Symbols

0 normal pressure angle (deg)
n Poisson'’s ratio
Yp helix angle (deg)
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Introduction

In comparison with spur gears of the same size, helical gears transmit more load, mesh more smoothly, tend
to be quieter, and have less dynamic effects. However, they also have slightly less efficiency and
undesirable end thrust during operation. The operating conditions of high precision power transmission have
become more severe due to continuous demand for high speed and load. There has been increasing trend
on the use of helical gears for power transmission since they can provide greater power, less noise, and
longer life than spur gears.

There have been many studies on helical gear transmissions. Nakada and Utagawa [1] derived closed form
formula for tooth stiffness of helical gears. Hayashi [2], and Sayama and Hayashi [3] solved numerical
integral equations to obtain load distribution. Conry and Seireg [4] developed a mathematical programming
algorithm using plate model for evaluating load distribution and optimal modification of gear systems.
Umezawa [5-8] investigated the helical gear tooth stiffness with the finite difference method, the approximate
formulation method and correlated with the tedious experimental findings. However, there are limited
investigations using finite element approach for helical gear analysis. Tobe and Inoue [9] developed a
simplified finite element technique by considering the helical gear tooth as a plate. Simon [10], Mathis [11],
and Liu [12] used three dimensional finite element method to calculate tooth deflections and load
distributions; however, they did not study the contact situations as affected by face width. Li [13] used finite
element approach to analyze gear contact with thin rim. Hedlund and Lehtovaara [14] found that gear tooth
deformation from finite element analysis can adequately account for the Hertz contact displacement at the
mesh locations. Their work mainly dealt with only one face width and load sharing between meshing tooth
pairs. Variation of face width can lead to different load distributions and tooth deformations, which will
influence the performance of helical gears.

The purpose of this work is to develop an adaptive finite element model to provide accurate analysis of the
static behavior of helical gear transmissions under different loading conditions. When the gears rotate, the
model will regenerate the finite element mesh of each gear at every contact position to ensure their contact
line falls exactly on the node points. This is one of the advantages of developing your own customized finite
element model over the use of commercial finite element package. In addition, the contact region of the
meshing tooth pair can be further refined for more accurate determination of the tooth contact.

Several typical contact situations of helical gears due to different face widths are to be studied. The effects
of those contact conditions on tooth deformation and load distribution are investigated. The present model is
evaluated through comparison with the available helical gear data in the literature.

Theory

During the meshing action of a pair of spur gears, the positions of the contact points could be pictured as a
series of points moving up the line of action. For helical gears, their contact can be considered as a series of
lines moving upwards in the plane of action as shown in Figure 1. Each line makes a helix angle yy, with the
gear axis and has a vertical spacing between the lines equals to the transverse base pitch Py,. The region of
contact is a rectangle of width F (face width) and height AS, (portion of involute tooth profile from the
beginning to the end of contact). However, the total contact ratio m. of a helical gear pair is equal to the sum
of profile contact ratio m, and face contact ratio m; where

AS, m. = F tan y,

m. = and ; (2)
Po

The lines within this region of contact represent the contact lines of a helical gear pair. AS; can be found
from the following equation with reference to Figure 2.

AS, =Ry tang+ Ry’ = Ry’ ) = Ry tan g+ (R,” = Ry’ 2)
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Figure 1 Movement of contact line in the plane of action and along the region of contact
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Figure 2 Calculations for the height of the region of contact

Coordinate Transformations

To facilitate the calculations of complicated three-dimensional geometry, several coordinate systems are
defined for the mesh of a helical gear pair. First, a local coordinate system, Og-XgY¢Zy is defined for the
tooth end transverse section of helical gears 1 and 2, see Figure 3. Where Oy is the origin of XgY¢Zy axes,
located at the center of the gears, The XgYoZy system is so defined that the Yq axis passes right through the
middle of the end transverse section in radial direction and the Zy axis coincides with the gear axis. Also in
Figure 3, a second coordinate system O;-X;Y,Z; is defined with the origin O, located at the common pitch



point of the gear pair, the axis Y; coincident with the line connecting the center of the gears, and the axis Z;
parallel to the gear axis.
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Figure 3 Coordinate systems for helical gears at the gear center and at the common pitch point

The transformation from the first to the second coordinate system can be expressed as follows:

X, cosd, sing, 0 0 Xo1
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A third coordinate system O,-X,Y,Z; is defined for the helical gear pair (Figure 4) by rotating the O;-X;Y1Z;
coordinates around the Z; axis until the X,Z, plane lies in the plane of action.
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Figure 4 Coordinate systems for helical gears at the common pitch point and along the plane of action

The last coordinate system Os-XsYsZs (Figure 5) is achieved by rotating the O,-X,Y,Z, system around the
Y, axis so that the Xs axis is in the plane of action and also normal to the tooth surface. The resultant Zg
axis is also in the plane of action but tangent to the tooth surface. This coordinate system contains the
contact lines of the gear pair and makes the tooth load calculation very convenient since the transmitted load
acts only in the Xg direction.



Figure 5 Coordinate systems for helical gears along the plane of action and perpendicular to the tooth
surface

Transformations between the above coordinate systems are shown by the following equations:

X, cosa, sine, 0 |l x
y, |=|cose, -—sing, 01y, ©)
z, 0 0 1|z,
X cosw, 0 —sinw, |X,
Ys |=| O 1 0 Y, ©)
Zg sine, 0 cosw, |z,

where o, = arctan (tan y, /cos ¢ ), ¢ is the normal pressure angle, vy is the helix angle, and o, = arctan
(Rp1/Rp1 tan yy, ), Ryr and Ry, are base and pitch radii, respectively.

Finite Element Model

After defining the gear geometry and coordinate transformations, a finite element model can be established
for a helical gear pair. Eight-node hexahedral isoparametric element with natural coordinate system is used
for the model. The stiffness matrix, which relates forces and displacements at the node points of each
element, is equal to
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where [B] is the strain shape function matrix and [D] is the elasticity matrix,

N, 0 0
0 Ny, ©
0 0 N, (8)
[B/]1= (i=12,-8)
Ni,y N; 0
0 N;, Ni’y
_le 0 Ni,x_
o i
_H 1 symmetric
1-u
_HE
1-u4 1-u 9)
[Eﬂ _ E(l__/o
(+w)A-24) 0 0 1-2u
2(1-p)
O 0 0 1-2u
2(1- u)
O 0 0 0 0 1-2u
L 2(1- ) |

where i is the number of nodes, u is the Poisson’s ratio, E is the Young’s modulus of the gear material, and



[B:] [O]Bi]

Ni,x Nj,x + AZ(Ni,yNj,y + Ni,zNj,z) AlNi,xNj,y + A Ni,yNj,x
= Ni,x | AiNi, yNj, x + A2Ni, xNj, y Ni,y Nj,y + A2(Ni,z Nj,z+ Ni, xNj,x)

A1Ni, zNj, x+ A2Ni, x Nj, 2 A1Ni, zNj, y+ A2Ni, yNj, z

AlNi, xNj,z + A2 Ni,zNj,x

ANi N,z + AzNi, Ni,y (i=12.8) (10)

Ni.z Nj,z+ AZ(Ni,x Nj, x + Ni,yNj,y)

In the above equation, N; is the nodal interpolation function of the 8-node element
N; =1+ &)+ 7)1+ Q) (11)

where &, n, and ¢ represent the natural coordinates, and Ny, N;y, and N;, are the partial differentiation of N;
with respect to X, y, and z coordinates respectively. Transformation between the natural and rectangular
coordinates can be found in many texts that deal with finite element analysis, therefore, will not be repeated
here. In the above equation the matrices A;, A, ,and Az are

A=l (1= u) Ao =(1-20)1[2(1-40) (12)

A = E(L— p) 1 [(1+ p)(1-2u)|

Adaptive Mesh Scheme

The portion of the tooth surface that is in contact is discretized with a mesh in such a way that the contact
line falls exactly on the node points and that the mesh is finer within the contact region than the non-contact
region. Figure 6 shows an example mesh scheme of the tooth surface, where AB represents the contact
line. This customized mesh scheme can be more efficient in contact load calculation and is repeated for
every contact position of the gear pair throughout the entire tooth mesh cycle. If there are n contact
positions in the tooth engagement cycle, there will be n different meshes. The concentrated load of each
individual node point on the line will represent the continuous load distribution on the contact line of the
meshing gear pair. The system equation of the gear tooth model is developed using basic finite element
principles. This customized finite element model can be more efficient than the commercial software and
provides easier implementation to model the tooth contact between helical gears.
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Figure 6 Adaptive finite element mesh for the contact region of a helical gear tooth surface



Boundary Conditions

Figure 7 shows the boundary conditions of a transverse section of the gear tooth model under investigation.
At every section the tooth foundation is fixed at the boundary. The size of the tooth foundation, as
suggested by Liu [7], has BC arc length equals to three times the normal module and AB equals to one and
a half times the normal module.

\

T 0

Figure 7 Boundary conditions of the gear tooth model

Tooth Deformation and Load Distribution

The tooth load is assumed to be in the direction normal to the tooth surface. A load in this direction may
cause tooth deformations in other directions. However, only the deformation in the load direction will be
considered in the study because it is usually significantly greater than those in other directions. To ensure
the continuity of tooth contact, the sum of displacements of the meshing teeth at any point on the same
contact line must be the same. The displacement of node point i on the contact line can be expressed as:

f, =ZMZC.. P, (i=12,--M) (13)

U]
=1

where N is the number of the contact points on the contact line; f; is the normal displacement of point i; C; is
the displacement of point i when a unit force is applied at point j; and P; is the actual load at point j.

Similar expression can be used for the displacement of the mating gear,
' M '
fi = CyP; (i=12,--M) (14)

To maintain continuous contact of the gear teeth, the sum of f,and f, must be the same at every contact point
along the contact line. Therefore, for a tooth pair k at any contact point i, we have

M M
ff+ =D (Cl +CI)PF =D AKPF =C*  (i=12--,M) (15)
j=1 j=1



where Aj is the sum of displacement at point i caused by a unit normal force at point j for a mating tooth pair.
If there is more than one tooth pair in contact at the same time, the sum of displacement C of all contacting
tooth pairs should be the same.

An iteration method is used to calculate the tooth displacement and load distribution based on the above
formulations. To start the iteration, the tooth load is flrst assumed to be distributed evenly along the contact
line. The dlsplacements of contactlng tooth pair k (f and f ) are calculated at each contact point.
Apparently, the sum of f* and f¥, that is C¥, could be dlfferent at different contact point before the numerical

computation converges. Therefore the average of Ciis chosen as the displacement of the meshing tooth
pair,

P (16)

The load distribution of tooth pair k can be revised by the following equation,
P =P x (1-(Cf -C{)/C xQ) 17)

where Q is a coefficient to facilitate the convergence of computation. Its value is ranged from 1 to 2. The
above steps can be repeated until both the tooth displacement and contact force reach a steady solution.

Results and Discussions

A helical gear pair as listed in Table 1 is chosen for the investigation. The gears are made of carbon steel
and modeled with standard gear geometry data.

Table 1 Data of example helical gear pair

Gear Parameter: Gear 1 (Driving gear) Gear 2 (Driven gear)
Normal Pressure Angle (deg) 20 20

Helix Angle (deg) 13.54 13.54

Number of Teeth 63 112

Normal Module (mm) 5.08 5.08

Root Diameter (mm) 307.34 556.26

Addendum Diameter (mm) 330.20 579.12

Applied Load (N) 1000 1000

Contact Pattern of Helical Gears

For helical gears their tooth contact can generally be divided into four different contact patterns as shown in
Figure 8. Case (a) displays a typical contact situation near the beginning of contact region where the contact
line extends from one end of the tooth face to the bottom of working profile. Case (b) depicts the contact
near the end of contact region where the contact line goes from the opposite end of the tooth face to the top
of the tooth. Cases (c) and (d) demonstrate the possible contact situations in the mid-section of the contact
region. For case (c), it has a very wide tooth face and therefore the contact line extends from the tooth tip to
the bottom of the working profile. However, for case (d), it has such a narrow face width that its contact line
extends from one end of the tooth face to the other. In this study, to illustrate the above contact conditions,
the face width for cases (a), (b), and (c) is 130 mm, and that for case (d) is 45 mm. The profile contact ratio
m, is 1.78 and the face contact ratio m; is 2.03 for cases (a), (b), and (c), and 0.70 for case (d).
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Figure 8 The four different patterns of helical gear tooth contact

Gear Tooth Deformation

Figure 9 shows the three-dimensional deformation of the pinion tooth surface corresponding to the four
different contact conditions discussed in Figure 8. The tooth surface deformation should include the effects
due to bending, shear, foundation flexibility, and local contact deformation. Comparison of these figures
indicates that the local contact compliance has a major influence on the tooth deformation. This is especially
more significant for case (d) when the face width is narrower and the load acting on the tooth surface is
greater, than the other three cases.

11
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Figure 9 Tooth surface deformations for the four contact patterns of helical gears

Deformations at the tooth ends are higher than those in the middle of the tooth because of weaker support.
For cases (a) and (b), the portion of the tooth surface that is outside the contact zone has deformation so

insignificant that they are essentially zero. The portion of the tooth within the contact zone has deformations
induced by some or all of the deflection components. For cases (c) and (d), where the loading encompasses
either the entire length of working depth or face width, tooth deflection along the contact line is more uniform

and every part of the tooth surface has some deformation due to this kind of loading.
Tooth Load Distribution

It is essential to evaluate tooth load distribution since it affects the life and performance of helical gears
significantly. The portion of tooth face where load is higher would have greater stress and earlier failure.

Figure 10 shows the value of concentrated load at each node point on the contact lines for the four cases in
Figure 8. In this figure, the abscissa is labeled by the number of transverse section, of finite element model,

along the face width rather than by the actual length. Those concentrated loads can be converted into
distributed load if divided by a certain length I. For the load at either end of the contact line this length is

__ L 18
| TO= (18)

For the load at the rest of the node points on the contact line

= (MLC_ 5 (19)

where L. is the contact line length, M is the number of nodes on the contact line.

12
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Figure 10 Concentrated loads at the node points of the contact lines for the four contact patterns

Figure 11 shows the results of tooth load distribution for the four cases discussed previously. Note that in
the figure the load distribution curve for cases (a), (b), and (c) has a peak value at the end point where the
top of one tooth is in contact with the root of the mating tooth. This is due to the fact that the tooth meshing
stiffness of the gear pair is greater at these end points than at other points on the same contact line. The
contact at these end points is more toward the middle of the face width, which provides stronger support.
Contrary to the above, for cases (a) and (b) the meshing stiffness of the end points with tooth contact at the
edge is lower than those in the middle of the contact line, therefore the distributed load at these end points is
smaller. From the concentrated load result, the tooth load distribution for case (d) is much more uniform
than the other three cases.
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Figure 11 Tooth load distribution along the contact lines for the four contact patterns

The current model needs to be compared with the existing gear literature for evaluation. However, the gear
literature available for comparison with the current analysis is very limited. Results presented by several
gear researchers [11, 12, 15, 16] were in different contact patterns and with different gear parameters. lItis
difficult to compare the results of the present study numerically with the existing literature, however, it is
feasible to compare the characteristics of current results with that in the literature. The contact pattern of
case d has been analyzed more commonly by gear researchers, therefore its result is used for comparison
with others. Figure 12 displays the concentrated tooth load data as presented by Mathis [11], Liu [12], and
Umezawa [15, 16]. As can be seen from comparing the tooth load results in the figure, the present work has
similar characteristics and agrees well with the existing gear literature.

14



180 1.2
160
1.0
ho]
140 S
0]
120+ {08 5
- 9
;100
E {06 N
O 8of o
- £ B
60 | 104 5 9
401 =
{02
20
Gw T T T T I I I I S ‘OO
12 3 456 7 8 910111213
Face Width Face Width
Umezawa
el he}
o} O
[0} o]
— —
Focerdth ) Face Width
Mathis Liu

Figure 12 Comparison of the characteristics of concentrated load results with that in the gear literature

Conclusions

A three dimensional finite element program has been developed to investigate the tooth deformation and
load distribution of helical gear systems. The program employs adaptive finite element mesh to the contact
region to better model the gear tooth engagement. This customized finite element model can be more
efficient than the commercial software and provides easier implementation to model the tooth contact
between helical gears. Four different tooth engagement conditions are studied to analyze their effects on
the tooth deformation and load distribution. Comparison with the limited gear data indicates that the results
from the present study are reasonable and agrees well with the existing literature.

The following conclusions can be made based on the results of the current investigation:

1. Local contact compliance has a very significant influence on the tooth deformation especially for gears
that have a narrower face width.

2. Tooth deformations at the end of the tooth face are higher than those in the middle of the face width
because of weaker support.

3. For a helical gear that have narrow face width the contact line can extend from one end of the tooth face
to the other. Such contact condition produces a more uniform load distribution along the contact line.

4. For the load distribution along the contact line, the magnitude of the tooth load is greater at the points that
have higher meshing stiffness and lower deformation.
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