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Abstract

Merging NURBS surfaces together and extending existing ones are common problems in CAD
systems. Extending existing surface is usually done by creating a new separate surface and
applying some merging function — result is one continuous surface. In this paper, full description
of a method of direct extending existing surfaces is introduced. The extension of the surface is
recomputed during its construction, and the NURBS surfaces are immediately C'* connected.

1 Introduction

NURBS (Non-Uniform Rational B-splines) are frequently used for construction purposes — bodies
of cars, aircrafts, etc. — because of their large construction possibilities and stable, quick and
well known computing algorithms. Models are usually composed as a set of surfaces which are
merged together in one at the end of the work. In this paper, a method which allows continuous
extension of a single surface, is proposed. New part of the surface is in-time merged with the ex-
isting hull. Among the advantages of this approach belong the negligible change of input surfaces
as well as straightforward design of complex objects.

1.1 Related work

The theoretical base of NURBS is outlined in books (4) and (5). The most used principle of com-
puting NURBS surfaces is based on properties of B-spline functions — (2), (3).

Surface merging is commonly used during construction processes. Eck and Hoppe in (1) use
surface merging for automatic reconstruction of B-spline surfaces of arbitrary topological type.
Source (8) presents a fast method of collecting fitted surfaces to obtain C° continuous model of a
given surface. New possibility of merging surfaces is the use of T-splines, which allow merging of
arbitrary surfaces with irregular net of control points. The conception of T-spline and a method of
merging is described in (6) and (7).

2 NURBS surface

Arbitrary NURBS surface is defined by a regular net of control points with their weights, two knot
vectors and two degrees. A correct definition can be written as:

Definition 1. Let P;; be the control points of a (m + 1) x (n+ 1) net (¢ =0,...,m,j =0,...,n)
with (m + 1) x (n + 1) positive real numbers w;; called weights. Let us denote p the row degree
and ¢ column degree of the surface. Further let u = (ug, u1, ... um4pt+1) O @ row knot vector and
V = (vg,v1, ... Untq+1) @ column knot vector. Then the NURBS surface is defined by:
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where (u,v) € (U, Uptnt1) X (V0, Um+q+1) @nd N, N7 are the B-spline functions (defined in (4)).
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then Eq. (1) can be written as:

n

S (u,v) = Z R (u,v) Py;. (3)
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3 (! extension of NURBS surfaces

The first step of surface extension is formulation of presumptions for its continuous connection with
a new part. In this section, a theorem which determines all sufficient and necessary conditions
for such extension is formulated and proved.

Theorem 3.1. Let S, S’ be two arbitrary NURBS surfaces.

Surface S :

net (m + 1) x (n + 1) of control points P;; with weights w;;, i =0,1,...,m, j=0,1,...,n,
row and column knot vectors u, v,

row and column degrees p, q,

Surface S’ :

net (1 + 1) x (r + 1) of control points Q;; with weights w;;, i =0,1,...,l, j=0,1,...,7,
row and column knot vectors u’,v’,

row and column degrees p', q'.

NURBS surfaces S and S’ are C' continuously merged if:

1. vi=v
2.q=¢q
3 w1 =win=wiy=w; for i=0,1,...,m

4. Qio=P,, for i=0,1,...,m
5. forany k # 0,k e R

Pi,n—lQi,l = k-Pi,n—lQi,O = k-Pi,n—lpi,n fori = 0, 1, Lo, Mm

Proof:
First, the conditions in Theorem 3.1 will be explained. Condition 1 and 2 say that the column knot
vectors and column degrees of both surfaces are the same. Condition 3 says that corresponding
points in last two columns of S and first column of surface S’ have same weights.
The condition 4

Qi,OZPi,’ru fori:O,l,...,m (4)

means that control points of the last column of the surface S are equal to the control points of the
first column which belongs to the surface 5.



The condition 5
Pin1Qin=kP; n1Qi0=kP, 1P, foranyk #0,k €R. (5)

indicates that corresponding points P; ,—1, P, and Q; o lie on the line. We can rewrite this
expression as:

Qii=1—-k)P 1+ kQipo. (6)

Now it will be proven that in case that the conditions from Theorem 3.1 are fulfilled, NURBS sur-
faces are C! continuously connected. The gist of the proof is that in case that two surfaces are
continuously connected, they have common tangent plane in every point on boundary curve. This
tangent plane is defined by partial derivatives in directions « and v. We must prove that these
partial derivatives are linearly dependent for both surfaces and common tangent plane thus exists
here.

Obviously, if C' continuous connection is required, there has to exist the same partial deriva-
tives for the points on the boundary curve. The boundary curve is shaped by the control points
Qi = P, with weights w; ,, = w] ,(for i = 0,1,...,m), knot vector v = v’ and degree ¢ = ¢'.
The partial derivatives in the points on the boundary curve (in direction of columns) are apparently
the same.

We prove that for an arbitrary point on the boundary curve, row partial derivatives (direction u)
are linearly depend. This indicates that common tangent plane exists for both surfaces on the
boundary curve. So the surfaces are C' merged (Fig. 1).

Now, the well-known construction of NURBS surface is used. The computation is done by twice
application of de Boor’s algorithm (see (4)). First, de Boor’s algorithm is applied to every column
with the same column knot vector, column degree and parameter v. These computed points are
the input to the second run of de Boor’s algorithm with row knot vector and row degree and pa-
rameter w. The output is a point on NURBS surface. The points on the NURBS curve from the
first cycle of de Boor’s algorithm are used to compute partial derivatives in direction w.

Note the computation of derivatives of boundary points on NURBS curve. Let us suppose that
the knot vector lies in interval (0,1). Derivatives of the NURBS curve of degree ¢ with m control
points P;, weights w; and knot vector v are of the form:

, m w1
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My—__"  (p _ Wn—1
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Obviously, derivatives depend only on points Py, P, and P,,_1, P,.

Thus, we need the derivatives for row points which are the output from the first cycle of de Boor’s
algorithm. We express the form of the corresponding arbitrary points in the last column of surface
S (C5_,(v)), boundary curve (C(v)) and the first column on surface S’ (CF'(v)) after the first
application of de Boor’s algorithm. We obtain:

m

Cr_1(v) = Z Wi n—1P;n-1N{ (v) (9)
=0
Cf(”U) = ZwinLH,nNiq(v) = Zwi,nQi,ONl‘q(U) (10)
=0 =0



=> w Qi1 N{(v) (11)

=0

With Eq. (6) we can rewrite Eq. (11) as:

szn ]-_ zn 1+szO) (U) (12)

We have to prove that points C5_, (v), C5(v), C¥ (v) for any v € v lie on a line. In the case this
condition holds, vectors of partial derivatives (generally done by Eq. (7), (8)) are linearly depend,
common derivatives exist, and the surfaces are C! continuously merged.

If points C5_, (v), C3(v), CS’ (v) for any v € v lie on a line then for ¢ # 0, ¢ € R is:

n—1
e.C5_ (v)C(v) = C5 () (v). (13)
We can rewrite Eq.(13) as
c(C5(v) = O34 (v) = €7 (v) = C (v). (14)

Now, the left and the right side of Eq.(14) are expressed using Eq.(9), (10), (11) and (12) :
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and
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Expressions (15), (16) are the same except for multiple k¥ — 1 (real number). Thus, the vectors in
Eqg. (13) are linearly depend except a multiples and they determine partial derivatives in direction
u. Both partial derivatives are linear depend, on the boundary curve common tangent plane exists
and this proves the Theorem 3.1. On the Fig. 1 there is an example of a simply surface extension.

4 Implementation

Method of direct extension of NURBS surfaces will be a part of the future release of engineer-
ing CAD system RFEM 3D. Arbitrary NURBS surface is defined by four close boundary NURBS
curves. The boundary curve of the existing surface and other curves, which define the new part,
are entered for the new surface.

There exist two possibilities of such direct extension. First approach is that the program will
change the position of the control points in the first column of the new surface to fulfill the condi-
tion in Theorem 3.1. This method could cause notable changes in the shape of the surface. For
this reason, we based our method on addition of new column of control points near the boundary
curve. This approach results from the proof of Theorem 3.1. The basic idea is in Eq.(13). For
suitable ¢, new points on the connected surface are computed.



Figure 1: Scheme of continuous extension of NURBS surfaces

Let us suppose that we need to connect two surfaces along a column boundary curve. The
algorithm for one row will be shown. For all others, same principle is used. We have last two point
A, B on the first surface, thus we are searching for point C' on the adjoint surface which satisfies:

(1+)AB=AC — C = (1+¢)B—cA (17)

It is necessary to choose a good value for constant c. It depends on the size of the surface and
the distance between control points. With Eq.(17) we generate new column of control points and
construct the resultant surface with them.

4.1 Direct extension algorithm

Let us have two NURBS surfaces defined in Theorem 3.1. The algorithm for recomputing the
extended surface can be written as:

1. We release first column of surface S’.

for (j=1; j< numberOfColumn S’; j++)
for (i=0; i< numberOfRows S’; i++)
Q_i,j+1 = Q_1,j;

2. Initial value of constant c is chosen.

3. Computation of adding column of surface S’ to be added.

for (i=0; i<numberOfRows S; i++)
Q_i,1=(1+c)P_i,n-1 - cP_i,n-1;

4. Checking phase:

s1
s2

computeSizeOfVector(Q_i,0 Q_i,1);
computeSize0fVector(Q_i,1 Q_i,2);



if (s2 < 1/4xsl1) stop;
else
repeat{
c = ¢c/2;
Step 3;}
until s2 < 1/4%s1;

We tested our algorithm on arbitrary surfaces. We chose the constant ¢ = 0.25. Surfaces without
and with C! connection done by our algorithm are on Fig. 2. On Fig. 3 is the connection line in
detail. On Fig. 4, 5 is a connection between a cone and a cylinder.

Figure 3: Detail of the connection (C°, C' continuity)

5 Conclusion

This article deals with the sufficient and necessary conditions for C! direct extension of NURBS
surfaces. In literature, these conditions are not clearly defined, therefore we outlined them here
in detail and proved. Application of these conditions is shown in the second part of this article —
in direct extension algorithm. As it was presented, the main advantage of this approach is that
no auxiliary surfaces nor subsequent merging is needed. All extensions are done directly. This
feature simplifies its implementation in different CAD systems.

This method is suitable for surfaces with approximately same proportions. For connection of
very different surfaces, T-spline approach, which is based on irregular net of control points, is
preferred (see (6), (7)).
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Figure 4: Cone and cylinder C, merged, cone extended by a cylinder using our algorithm (C4
continuous)

Figure 5: Merged and extended surfaces — detalil
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