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Abstract

In this paper, we consider the problem of mathematically determining the feedback inhibition rates in multi-
branched metabolic pathways. To solve the problem, we model the system with a series of nonlinear ordinary
differential equations by using the law of mass action without the usual quasi-steady state assumptions.
Through an equilibrium analysis, we develop formulas to calculate the feedback inhibition rates in terms
of the concentrations of end-products and regulatory enzymes at equilibrium. We then prove that the
linearized system of the nonlinear system at its equilibrium is exponentially stable by applying Routh’s
stability criterion, thus the equilibrium of the nonlinear system is locally exponentially stable. This local
stability proves that the feedback inhibition rates determined by our formulas are effective in regulating
the end-products. This feasibility of these feedback inhibition rates is further tested numerically using both
randomly generated data and biological data.

1 Introduction

Most of the biochemical reactions of a cell are accelerated through enzymes in metabolic pathways, which
are necessary for the biosynthesis of the major molecules needed in cells and organisms such as nucleotides,
amino acids, sugars, and lipids. A metabolic pathway is made up of a series of enzymes which take some
molecular substrate and convert it into a modified molecule through a sequence of catalyzed reactions that
are specifically regulated and controlled.

If a cell or network is producing more of the end product than it needs, the end product or a byproduct may
act as an inhibitor on one or more of the regulatory enzymes of the pathway. This inhibition can be caused
through different process such as allosteric modification, where the affinity of the regulatory enzyme is altered,
or competitive inhibition where the inhibitor or modulator inhibits active sites of the enzyme. Generally,
the end product acts as an inhibitor of the first committed step in the pathway. This property enables the
enzymes in metabolic pathways to have specific controls for different branches, thus being able to sustain
homeostasis under dynamic controls. Note also that this process avoids unwanted intermediates in the cell.
A well known example of such regulatory feedback inhibition occurs in the purine metabolism, specifically
the biosynthesis of adenosine 5-monophosphate (AMP) and guanosine 5’-monophosphate (GMP) [21, 24],
as shown in Figure 1. In this metabolic pathway inosine monophosphate (IMP) is the initial metabolite and
the regulatory enzymes A; and G, are the first branched steps that compete for IMP as seen in Figure 1.

To be able to mathematically analyze the feedback inhibition, we consider a generic abstract branched
metabolic pathway as shown in Figure 2: an initial substrate S is catalyzed by an enzyme E to form an
intermediate metabolite P; 1, P ; is catalyzed by the enzymes F4 ; and F>; to form two other intermediate
metabolites P} o and P59, and so on. If there is an excess of the end-products P ;11 and Pj ,41 in the
cell, Py ;41 and P 41 will inhibit the regulatory enzyme E; ; and Ej 1, respectively, preventing them from
converting any P to P2 and Ps2. In the real biological situations, these end-products also inhibit the
enzyme FE, but such inhibition is very weak and negligible. In this way, the cell keeps from synthesizing
excessive amounts of the end-products, and keeps P;,; available for use in other pathways. This sort of
inhibition, whereby a metabolic reaction is blocked by its product, is called feedback inhibition, and it is one
of the most important mechanisms that regulate metabolisms.
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: Enzyme Reaction
: Feedback Inhibition

¢ EC 8.3.4.1 GMF synthase

: EC 3.5.4.10 IMP cyclohydvolase
: EC1.1.1.205 IMP dehvdvogenase

¢ EC §.3.4.4 adenvlosuccinate symthase
! EC 4.3.2.2 adenylomecinate lyase
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Figure 1: Biosynthetic pathway of Adenosine and Guanosine from Inosine.

Here we have introduced a hypothetical intermediate R. We first mathematically analyzed the branched
pathway without the introduction of R and found that the system has zero eigenvalues, hence it is unstable.
However, in real biological situations, the pathway system should be stable. Thus we suspect that there
might be a kind of communicator in the pathway, which communicates between two branches. Without this
communicator, any excess product could not be reversed and used by other branches. The intermediate R
could be also possible if the product of an enzyme-inhibitor complex were to suffer an appropriate structural

change.

The aim of this paper is to explore a mathematical method of developing the formula for feed back inhibi-
tion rates in branched metabolic pathways. We here consider the competitive inhibition. So the series of
enzymatic reactions in a branched metabolic pathway can be described by the following diagram

S+ FE
P+ FEi

Pio+Eo

Pis+E3

Pl,m + El,m

0
KT

o
K
kb
1,
kb,
K,
Kb

—

m2

k3
C —>P1,1 +E

kis
Cig— Pia+E1:

k33
Cio— Pis+E2

k33
Ci3— Pia+FE3

1
km3

Cl,m — P17m+1 + El,m



Feedback Inhibition

} |

S > P > hmad > - P ] > Prme
E

y =7

uonIqIyu yoegpes4

Figure 2: Feedback inhibition in a branched metabolic pathway.
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where S denotes an initial substrate, Fj; ; the enzymes, P; ; the intermediate metabolites or the final product,
C;,; the complexes formed from S, P; ; and E; j, W; the complex formed from the final product P ;41 (or
P; n+1) and E; 1 (the letter W is used because the enzyme-ligand complex is a kind of waste that neutralizes
the regulatory enzyme), R the intermediate metabolite produced from one branch that can be used by the
other branch, and k‘;l the reaction constants. The competitive feedback inhibition rates k;, (the subscript

ic means competitive inhibition) and k2, are defined by

To solve our problem, we model the metabolic pathway (1) with a system of nonlinear ordinary differential
equations using the law of mass action [10, 22]. In our model, we do not make the usual quasi-steady
state assumptions employed in most enzyme catalyzed models. We then develop the following formula of



computing competitive feedback inhibition rates
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In the above equations, S°, E?j denote the initial concentrations of the substrate S and the enzymes E;; and
the bar ~ denotes an equilibrium. Since the end-products and enzymes at equilibrium can be measured, this
formula provides a practical method to calculate the inhibition rates.

The effects of product inhibition in unbranched metabolic pathways have been analyzed in the literature
[3, 4, 5, 7, 10, 13, 14, 15, 18, 19, 22, 25, 26]. Depending on different assumptions like the quasi-steady state
assumption, different mathematical models for such pathways were established, including the Michaelis-
Menten system [8, 13], the Haldane equation [17], and nonlinear reaction-diffusion equations [25]. Sen and
Schulz [15] showed that product inhibition may be considered an alternative mechanism to end-product
inhibition by reducing the overall logarithmic gain of an unregulated pathway. Product inhibition can exert
a stabilizing influence that competes with the destabilizing effect of end-product inhibition in controlling the
dynamics behavior. Stantillin and Zeron [14] developed a mathematical model for the tryptophan operon
and showed that product inhibition can increase the operon stability. Using the theory of cooperative and
competitive systems, Sanchez [13] studied the dynamical behavior of the modified Michaelis-Menten system
and derived conditions for convergence to equilibria of stable closed orbits. Instability caused by time lag was
analyzed in [8]. Using the decomposition method, Sonnad and Goudar [17] presented an explicit solution to
the Haldane equation as a recursive series. Effects of periodic input on the quasi-steady state assumptions
were examined in [19]. Metabolic control coefficients and elasticities were calculated symbolically in [2].
Using directed graphs, the sign pattern of the control coefficients of the enzymes in abstract linear metabolic
pathways was analyzed [7]. Sufficient and necessary conditions for asymptotic stability of the steady state in
general unbranched pathways with a single feedback loop were established in [3]. Strategies for representing
metabolic pathways within biochemical systems theory were developed in [18, 23] and two most common
strategies for generating an S-system (for synergistic and saturable systems) were clearly distinguished.
However, to our knowledge, it seems that the mathematical determination of feedback inhibition rates like
(2) and (3) has not yet been seen in the literature.

The paper is organized as follows. Employing the law of mass action, we first model the pathways by a
system of differential equations in Section 2. Through an equilibrium analysis, we then derive the competitive
feedback inhibition rates (2) and (3) in Section 3. To show that the feedback inhibition rates are effective,
we need to prove that the equilibrium of the system is asymptotically stable. Since we could not construct a
Lyapunov function to address the global stability of the system, we instead consider its local linear stability
in Section 4, showing that the real parts of all eigenvalues of the linearized system are negative using Routh’s
stability criterion. Finally, we present numerical examples and applications in Section 5 to further verify the
feasibility of mathematically determined inhibition rates.



2 Mathematical Models

In real biological situations, concentration gradients of molecules in a cell may vary in different locations, and
so the mixture may not be homogeneous. However, for simplicity, we here assume that the concentrations
are same everywhere. Therefore, by the law of mass action [10, 22], the dynamics of the metabolic pathway
(1) can be modeled by the following system of nonlinear ordinary differential equations
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where ¢; j, € j,pij, T, 8, w; denote the concentrations of C; ;, E; ;, P; j, R, S, W;, respectively, and S°, Egj are
the initial concentrations of the substrate S and the enzyme FE; ;, respectively. Adding the respective rate
equations, we can readily derive that
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These conservative equations are just the reflection of the enzyme conservation. In the same respect, adding
the equations (4), (6), (13), (12), (19), (20), and (21), the right hand side is equal to —kSc+ kL sc1m +k25c2n,
which can be canceled by the right hand side of
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This conservative equation reflects the conservation of substrate. It then follows that
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where E?j, E°, SO are the initial concentrations. Due to these conservative equations, we can drop out some

differential equations. For instance, once ey is known, ¢;; can be obtained from the equation (23) and then
the equation for ¢;; can be dropped out. Dropping out the equations for ¢;;, ¢, and e, the system (4)-(22)
can be simplified to
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In these equations, we still keep c¢;;, ¢, and e to make the expressions as simple as possible, but they can be
substituted using the conservative equations (23) through (27).



3 Feedback Inhibition Rates

To determine the feedback inhibition rates k., k2., we look at the equilibrium of the system (28)-(37), which

1c? "e?

can be found by setting all the derivatives to zero. Hereafter the bar ~ denotes the equilibrium state. Keeping
the zero derivatives in mind, we add the equations (34) - (36) and then obtain

11713(E'?m - éim) + k:LS(E'?n - éi’ﬂ) =0, =12

Since we are considering the system in a biological situation, the enzymes should satisfy that e;; < E?j and
so at equilibrium
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Since total enzymes EZQ]- are never equal to zero, €;; is nonzero. From the conservative equation (23) we
deduce that ¢; = EJ; — &;; = 0. It then follows from (30) that
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We can take the values we have just discovered and apply them to (31) and obtain
c=0.

Since € is nonzero, it then follows from (28) that

0. (42)

s

Suppose that our desired end products are p; and ps. Then at the equilibrium, we should have that
D1,m+1 = Pp1 and Pz 41 = P2. Finally we deduce from (27), (34) and (35) that
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Solving equations (43)—(46), we obtain
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Substituting these equations into (47) gives
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We now prove that the equation (48) has only one positive solution.
Lemma 3.1. The equation (48) has only one positive solution.
Proof. Consider the function
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is an increasing function for any a,b > 0 (% (biﬁz) = ﬁ > 0), f is strictly increasing on

f(0)=-Sy <0, 7ali)rgo f(r) =oc.

So by the intermediate value theorem, there exist a unique 7 > 0 such that f(7) = 0 and then the equation
(48) has only one positive solution. O

We now summarize these results in the following theorem.

Theorem 3.1. The system (28)-(37) has the following equilibrium state
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where the equilibrium 7 is the positive real solution of (48). Then the feedback inhibition rates are given by
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Figure 3: Inhibition rates k), and k2, exhibit a nonlinearly increasing relation to their end-product levels.

The feedback inhibition rates k}. and kZ, are plotted against the end-product levels p; and p, in Figure 3.
This figure shows that the rates increase as respective end-product level increases and they are not linearly
related to the end-product level.

Note that the feedback inhibition rates k., k2, are independent of the intermediate metabolites, enzymes
and reaction constants. Also the inhibition rate of one branch depends on the other branch through the

intermediate metabolite R, which serves as a communicator between two branches.

4 Linear Stability

To show that the feedback inhibition rates ki.,k? determined mathematically through (57) and (58) are

c? e

effective, we need to prove that the equilibrium (49)-(56) of the system (28)-(37) is asymptotically stable.
Since we could not construct a Lyapunov function to address the global stability of the system, we consider
here its local linear stability.

We note that all quantities like p;; and e;; are nonnegative in accord with biological situations.

The linearized system of the nonlinear system (28)-(37) at the equilibrium (49)-(56) is given by
dx

E = J2m+2n+5Xa (59)
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at the equilibrium (49)-(56) with g; denoting the functions of the right hand side of the system (28)-(37)
corresponding to x;. For a situation where m = n = 2, Jacobian matrix is equal to
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where B = E® 4+ E{ | + ES | + 7+ p1 + P2 — €11 — €21 — S® > 0 because of (27).

Theorem 4.1. (i) For m,n < 2, the characteristic polynomials of the Jacobian matrix Jomionts are
equal to
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+521]’“%2]01 + éllk;gk%,l + Pldk%,lkg,ii + f27:k%,2 + k;gﬂf%,z + é21f1kg,1
+521k%,3k%71 + 521k§72f2 + é11f2ké,1 + kigk%,zf + é21]‘%,?)]9’%71 + éllk’;?,k%z
‘*‘Pflk%@PQdkg,l + éllk‘é,lPQdkg,l + éllpgngk%,Q + é21P1dlf%,1k§,1 + ngg,lfk%g
+5215117473,11‘?%,1 + 521]5%,21320%3,1 + flk;f + k%,:’,fl + ka%,:a + fof1 + k§,3k%,3
+é21Pfikill‘7§,2 + k;,ka%,léll + k%,Qéllk%,lpii + éllké,lkg,zf)/\z
‘*‘(521511@,3]“%,3]‘3%,1 + éllf2k%,1fk%,2
+511f2k%,3k%,1 + éQlk%,zflpzdng + kg,zk%,fké,zélléll
+en111k3 1 ky 1 k3 o + €x1811k3 (kb 1Tk o + €11 P{ks  PSk3 1 k3
e Piky o foky o + €21 Piky 3 o f2 + €21811k3 ok sk 1 + E11€11k3 5k 1 kg o
+ene11ks sk 1 ky | + €21811 Plky k3 1k o + €11k PkS \Thy o + €21821k3 5 f1K3
e fafiks o + €21k 3k3 ok 1Tk 9821811 + E21k3 ks 5k5 | + éllk’%,gk%JPzdkg,l
+e21811k3 oky  Pek3 1 + 01k o fof1 + €11ky 1 k3 077 kg o + E11€11k3 1 Pk kg o
—‘r—éuflkg’szlz 2+ é21k§,1k§’272k%’2 + éuéuéglk%’lklz 2e91€11 + éuk%,Sk%’lk‘;Qf
a1k gk o PS kS | + €11 PkS 1 k3 aks o + ea1en ik 1Ky o + €11k kb 3k
+ea1ks 31k | + E11€21821k3 ok 1 K3 1 4 E21821k3 ok 3k3 1 + é21k§,1p1dk%7177k§,2
+enei faky ko + é21€21p1dk%,1k§,2k§,1 + ek k3 (kS T + 521]“%,21351]?%,177]“%,1
ek s fik o + €11 [LPSkS 1Ky o + €21811K5 5k3 1Ky o + E01k3 o foT ks
+e11kS gk 1Thy o + €21€11K3 o fokd | + €11 Pk 1 k3 5Tk o + E21k3 5 foky 5
‘5‘é2lflkg,1k;2F + éZleik%Jkg,?,ng))‘
+E11821801k5 ok 3k 1 ks 1 + €a1811k3 3k 1k 1 k3 5T
+h3 k3 1k 1Tk 5811611891 + p1E11K3 5k 1 kS 1Tk o + €211k 3k3 ok 1 PSKS |
+ene11k ok  Psks Tk o + E11811821k5 3k3 k5 1K o + €21811Kk5 5 f1k3 1 ks o
k3 o5 13 1Tk 0811821801 + €01811K3 5 foky 3ks 1 + €a1811K3 Ky 1 k3 0T ks
+521611k§,3k%,3k§,1k%,1 + é21511fl]fg,ﬂ‘?g,Q?:kiz + 521511Pflk%,1k3,3k§,1k5,z
+e01811 f2k3 ok 1Tk o + 21811 Pk 1 k3 1 K3 Tk 5. (62)

(i) For m,n < 2, the real parts of all eigenvalues of the Jacobian matric Jomtonts are negative. Hence
the system (28)-(37) is locally exponentially stable.

Proof. (i) The characteristic polynomial (60) is verified by using Maple software. The Maple codes for this
are available upon request.
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(ii) Since it is easy to see that all the quadratic polynomials have real negative roots, it suffices to show that
the real parts of the roots of the cubic and quartic polynomials (61) and (62) are negative. These cubic and
quartic equations are both solvable exactly, but the size of their solutions are huge and it is difficult to tell
whether their real parts are negative. So we use Routh’s stability criterion [12].

All the symbolic computations below were done using the Maple software. The Maple codes are available
upon request.

The Routh’s array for the cubic polynomial is as follows:
)\3 : ].7 an
)\2 oo ai, ag
)\1 : bl
A0 o
where
1 2 2 1 2 2 1
ar = kyz+kiz+kiot+ ki €11+ ki €21+ ko,
12 1 2 12 = 2 - 1 2 11 2 11 2 - 1
ag = ki gky g+ ki 3kt €1 + KT €21k o + K1 ok 5+ Ry gk1 o+ RY je01E 3
2 71 = 2 11 = 2 1 1 - 1
+ki sky 1€11 + ki ok 1€11 + ki ok o + Ky 1€11k7 3,
12 12 5 71 2 72 - g1 2 1 = g1 2 11 5 7.1
asz = k1¢3k1,1e21k1,2 + k1,3k1,1621k1,3 + k1,3k1,1€11k1,3 + k1,2k1,1611k1,3>
aijaz — as

b =

ai

= = (21{%,3]9%,1521]{%,2 + 2k%,3ki1é2lki3 + 21{%3]9%,1511]“%,3
+27’“%,2’“%,151114%,3, + Qk%,zkigkil@l + Qk%,skizkhéll
+k%,3]f%,1é2lk%,2 + Qk%@é?lkizk},s + 21“%,1521]“%,2]6%,2
+2ki3k%71é11k%72 + Qk%,zk%,léllk}g + k%,léllk%,Sk%,Q
‘*‘ki:sk%,?,kig + k%,3kisk%,3 + kiQk%,Z}k%B + ki2ki2ki3 + k%,3k%,3k%,1é21
kT g7 KT 1821801 + KT KT @n@arkt o + KT (@21 k] okt o + KT €01k 5k 5
+ki1k%,1621é21k%,3 + k%,lkilkiléll + k%,3ki1ki1élléll + kizkizkiléll
+k%72k%,1kilélléll + k%,léllk%,i’)k}ﬁ + k%,lk},lélléllkizz + 2k§73k%,3k%,2
‘5‘2]“%,3/{},3]9%,2 + 2ki2k},3k},2 + 2]?%,3]{%,2]“%,2
“‘2]‘3%,3%,1521]‘?%,1511 + kilémkizkiléll + ki3k%,3ki2
‘*‘kigk%,zkiz + k%,zk/’%zk%,z + k/’%zk%,zk},z + 2]@%,1521]“%,3/“%,1511
*kizk%,léllk%,léﬂ)/(kis + kig + k%,Q + k%,léll + kiléﬂ + k%,z)»

asby —aqg %0
cq = ———— =as.
by

Since all terms in the above expressions are positive, the first column of Routh’s array is all positive and
then all the real part of the root of the cubic polynomial are negative.

Routh’s array for the quartic polynomial is given by

/\41 1, a2, Q4
A :oay, as

/\2 : bl, bQ
A oe, e
)\0 : dl, d2
where
a1 = eankd,+ /filéu +k3s+ fot+kys+ f1

+é21k5,2 + k%,zéll + k%,zf + k%,zf + k%,1P{1 + P2dk§,17
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a

as

a4

bray

ky s Psk3 | + €1k3 o f1 + €21k3 o fo + f1k3 oF + foTkd o + €112k

+P1dk%,1k§,3 + k%,zr_zk%g + k%,léllk%,s + 521]5%,3]5%,1 + k%,skg,zf + éllk%,?,k%,z

+ Pk ) fa + €21 f1k3 1 + K oks 1€11811 + k3 o fren + Exneanks ks + fLPskS
+e11ks sky 1 + €11 foky o + k3 5Tk o + E21k3 35 | + Ex1k3 oky 5 + fok 3

+k§73k%,3 + 521Pfk%,1k§,2 + fof1 + Pflk%@k%zf + 521511]‘3%,1@,1 + k%,sz%,léll
+éllké,lp2dk§,1 + Pﬁik%,lfkég + éllké,lkg,ﬂ7 + 521]9%,2135]‘73,1 + Pldk%,IPQdkS,l
+521P{1k%,1k§,1 + k%,2éllk%,1p1d + 521]{5,1]“%,27: + k%,fk%géﬂ + k%,sz%géll

k5 g f1 + e PSkS (kb o + €1811K3 ok 1 + Ea1k5 1Tk 5 + €11k 1 K5 o,

éllkg,aké,?)k%,l + élléllek%,lk%,Q + éllk%,:aflkiz + élléllk%,lpgkg,lk%,z
+en1ks gk PSS | + enéi1eanks 1k (ks o + €a1k3 o fLPSkS | + exeiiky gk Ky
+é21511k§,1k%,1fk%,2 + 521]5%,3]“3,1/45,27: + 521@,3]‘3%,2132(1145,1 + 521]5%,1]‘3%,2772]9%,2
+é2léllk5,3k§,1k5,1 + k%,zk%,lfk%,zéﬂéll + éllPldk%Jkg,sk%,Q + é21511]01]?%,1]‘7%,2
+epe11ks 1ky 1 k3 o + €a1ks  Piky TS o + €21811k5 gk 1 ks o + €181 Pk 1 k3 5k
+e21821k3 o f1K3 | + E21k3 3k 3k3 | + €11 foky sky 1 + €21821K3 ok sk | + €21k o foks 5
+ea1k3 3 1k 1 + E21k3 o fof1 + E21k3 o Pk3 1Tk o + k3 1 K3 5Tk 2821801 + E21€11K3 o 2k
+511P{ik;,1pzdk§,1ké,2 + é211D1dk%,1kg,2f2 + éllkégpzdk%,ﬂ?ké,z + éllk%,lkg,fzk%,z
‘f’éllpfik%,ﬁzk%,z + énpfik%@kg,sz%,z + e11ky gkd 1 k3 o + €21 f1k3 1 k3 oF + €11 fokd 1Tk 5
5 1 k3 0Tk 2821811 + E11801821k5 ok 1 kb 1 + E1811K3 ok 1 Pokd  + €11 fLPsk3 1ks
+Ex1811 Pk (k5 1 ks o + 21 Piks 1 K3 3k3 | + E21k3 5 foTks o + k5 ok 1 Ths 5E11 811
+éllk§,3k5,1fk%,2 + éllflkg,fkég + 521511/{%,2@,3]‘3%,1 + é21P1dk%,1k§,2P2dk§,1
+ea1ks 3k3 1Tk o + 11 faf1ky o + E11811K3 kg 1 K3 9,

E11801821k5 ok 35 1K 1 + 21811 fok3 ok 1 Th o + E1811K3 ok 1 Poks 1Tks o

+k3 ok 1 Ky TS 9811821821 + E21811K3 5 f1K5 1K o + E21811K3 3ks k3 1 k5
‘H@’%,zkg@k%,fké,zéllélléﬂ + é21éllP1dk%,1’“3,3%,1’“%,2 + é2léllk§,3kg,1k5,1fk%,2
+en1811ky gk Ky k3 o + E11811821k3 3k Ky k5 o + E21811k5 1k 1 k3 077k o
+521511P1dk%,1k§,1k%sz%,z + é21511f1k§,1kg,277k%,2 + éZléllkg,szk%,:;k%,l
+é21éllk%,gkg,zk:hpgk%@»

a102 — as

2€91 €11 ky 3k k1o + 2821 €11 k3 1k 1Tkl oo + 2811 PJ k) k3 o7k} o + 2811 f1k3 57k 5
+2@01 €11 k3 ok gky | + 2821 P{ ky k3 o PS k3 | + 285, k3 5 f1k3 , + 211 foks ks,
+2eé1 f2f1k%,2 +2 é%lkg,sk%,lk%,z +2eén k%,sflk%,z +2éx k§,2f2k7%,3 +2 é?lka%,lk%,z
+2én k§,2f2f1 +2en k%,ské,s)k%@ +2en k/’g,sflng + 2521’“5,2’“5,3]“%,1

+2eén k§,3k%,3k§,1 +2P§ k§,1f2f1 +2Pf kg,lk%sk%g +2P§ k§,1f2k%,3 +2P§ k;lk%,?,fl
IR Peo KD+ 2 PE RS e fr + 2 PE K Cem k5 + 2 PERE e k2, + PERE Peny klay
+P52k§,1ng kap + Pg2k%,12‘§11 ka2 + P52k§,12521 k3o + szkg,f’:k%,z + k5,2272k§,2é21
ko PP k3 g+ 2 kb kS skd 5 + 2kd o7 fokd 5+ 2k 5 Ten K2y + 2k, Ten fo

+2 k%,QFQk%’gk;z + k1 2’227:f1511 +2 k%’QQFkZ 2,15%1 +2 k%’QQFQkS’QéH + k%’22f2k%’1éu

_ 2_ _ 2_ 2
+k12,°F P k3, +ky €1ksoF +2ky, €1 Pl fa+ 2k3, en Pik2,,
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+2611 P{ kg PY K3 kb o + 2801 K3 5 foTky o + 2801 P{ ky (k3 o fo + 201 €11 f1k3 1 k3 5

+2en k%,lpg k%,lr_k%,Z +2é1 P k%,1f2k%,2 +2ey k%,zflpzd kg,l +2é7, k%,lpg k%,lk%,Q
+2€91 €11 k3 1 ky 1 k3 o7 + 2821 k3 P k3 TS 5 + 2 €21 €11 k3 5k 1 K3 5

+283, P k3 (k3 5k201 + 281 k3 o PY k3 Thlg0 + 23 1 k3 5Tk 1831 + 2 €1 €11 k3 2k3  PS k3
+2e11 1P k§,1k%,2 + 26 €11 P k5,1k22,1k%,2 + 26y P k%@k%,sk%J +2 kg,zk%,ﬁki,zé%

+2k3 1 k3 o7kl 2821 €11 + 2801 €11 k3 3k3 1kd o + 2k3 ok 1Tk o801 €11 + 2 €11 €31 K3 ok3 1k
+2 01 kj sk3 1 k3 0T + 2821 f1k3 1 k3 oF + 2€11 foky 1Thy o + 2 €21 €11 k3 o f2ks

+2e11 k1 k3 o7°k3 o + 2 €21 k3 3k3 1Tk 5 + 2€11 k3 5ky 1TkS 5 + 2€11 k12 3k 1 K3 0T

+2eén k%,skg,ng k%,l +2én k’%@k%,zfzk%p +2en k’%,sk%@Pg k%,l + 2672 k%,lk%,lkéﬁ
+2¢; P k%,lkg,skiz + fofi? + kg,?,flz + 21+ f22k%,3 +2 f2k§,3k'573 + f1*P§ k%,l + €21 kg,zfl2
+ 1125 o + a1 125, + ko f1 e + Pg2k:%,12f1 + szkgfk%,g + k%,22f2k§,3 + k%,22f2f2
+k%,22773k33,2 + €21 k§,2f22 + Py k%,1f22 +en f22k%,2 + e f22k%,1 + fzsz%z + k5,12é11k§,3
"‘@,12511]02 + k%,féi)lké,z + k%,12éllk%,3 + k%,12pf2f2 + kifszk;g + k1 2,32]35,277

+é21 k%,32k§,1 + ké’sng k§,1 +kizq€11 k%,SQ + €21 kg,zk%; + k%,22é%1k22,3 + k%,225%1f2
+k%,22é§1f1 + ké,zzé%k%J + k’%,zzfzfl + k§,22772k%,3 + k§,22773k%,2 +en k’g,;k%,z + e kg,32k%,1
+é21 k§732k%,1 + k§,3277k3%,2 +2 P kg,léll k%,lkng +2 P k%,lzém fk’%,z

+2 P4 k%,léll kg,3k%,2 +2P§ k%,léll k%,?,k%@ +2P§ k%,léﬂ kg,2f2 +2P§ k§,1P1d k%,1f2

+2 P§ kg,lflk;zf +2 P k%,lkg,sfk%,z +2P§ kg,ﬁn fzk%,z +2P§ k§,1511 ka%,l

+2 P.g kg,lki?)k%f—f— QPg kg@fﬂk%z + QPg kg,lkg,fzk%g + QPg kg,lpg k%,lk%,:;

+PYkE e k3 o7 + 2 P k3 Peo1 Pk, +2 P kZ a1t k) o + 2 PS K2 K3 o7k pen

+2 P kS Ceni e kg + 2 PY k2 P kY (k3 o7+ 2k 5P kY fo + 2 kb o7 E01 ko gkd

+2 kisz%ﬁpg k;l +2 kisz%,@ll k%,?) +2 k?%,27:P1d k%,lkg,S +2 k%,fé?l kg,zkizz

+2kj ore P{ kg k3, +2 k;;fém e k3, +2k10 0721 P ky k35 + 2ky o7 Pk PS kS
+2 k%,zgféll Py k%,l + k19 5°ren k%@PJd +2 k%g?ﬂpzd k%,lkS,Q + k§,3k%,32 + f2]<3%,32 + kg,SQk%,:’,
Jr145,32101 + k%,f‘ﬁlpg k%,l + k%,lzéﬂ €21 k%,l + ké,12‘§11k%,2F + k5,12é%1521 k232

+2 k%,12é11k%,2pzd +2 k%@P;i k§,3k%,3 +2 k%@P;i ka%g + k%,12pzd €11 k%,?, + k%,12P1dQé21 k%,l
+k%,12P1dZéZl k%,z + k%fp;igpg k%,l + k%,12pzd2k‘%,zél1 + k%@zpfﬂk%,z’: + k%,22é%1é21 k§,1
+k%,22é§1k’§72? + k%,zzénpg kg,l + kizzéllkilpzd + %722772511 k%,l +2 k%,zzf%izém

+2 3 5TRS 5k 5 + 283 oTRE 5 fi + K30 Ten fo + 2855 Tom fi + 2 K3 577K 5k
2K, TR k2 | + 2 k3 5 Ten k) 5 + k2o T2ean k2, + k22772k) sen

+k§,2272pzd k%,l + églkg,fﬂf%g + églkg,12k§,QF + é%lkg,lzpzd k%,l + é%lk%,lzéll k%,z
"‘531]93,12511 k%,l + é§1k§,227k%,2 + églkg,;Pzd k%,l + églk%;Pg k%,l + églk;;éll k%,l

+2 fren k3 kb + 2k3 Cen eo PEKS L +2k)  Cen ean PEES o + 2k} "6y PYPY KRS,
2k32ery PR3 oT + 2k PY kb 5k3 7 + 2kl oy Pl ooy kb k3, + 2k PR 4P RS,

+2kb P e k3 ok} 5+ kb TP kb prens + K}, 60 k3 o ean + 2k} 811 @01 k3 o fo

1 - = 12 1 - 22 72 12 1 = = 32 71 1 = = pdpl 12
+2 kg 9€11 €21 k3 o f1 + 2 k3 911 €51 k5 ok5 1 + kg o€11 €21 k3 ok 5 + 2 kg o€11 €21 P kg 1 K3 5
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+2 k%,zéll €21 k§,2P§ %71 +2 k%gé?lém k%zk%,l +2 kg,zféll k%,akiz +2 k;zféll k%gk%,l

+2 k3 yTeo1 ki 5k 1 + 2k3 5Pk (k3 g + 2 k§722fé21 Plky, + k%j?ém PS k3,

+2 k§,2277521 €11 k%,l + Py k%,lkg,SQ + églkg,lgkg,g + 521k§,12f1 + é§1k§,12k12,3 + 521]@%,12/4;2
Jr52111'%,22f2 + 521k§,22f1 + 521]95,22]?5,1 + églk%,;kis +2 f1k22,3k§,3 +2 f1f2k§,3

2 fok 5 f1 + Ea1 k2 g1t k3 5k o + 801 k25 Tk 0811 + 2 frens k1 k3 o + 2 fik3 k) 5801

+2 f1801 k2217ky o + 2 [1P{ ky 1 fo + 2 f1k3 5Tk} 5 + 2 frens faky ) + 2 fikd 5k o7

+2 freor ks gk 1 + 2 fifoTks o + 2 fika ok 1851 + 2 fiks g PS kS 1 + fiks @11 ks g

+2 f1k§,2F2k%,2 +2 1P} k%ﬂf%,g +2 frea k%gk%,s +2 foen k%,?,k%g +2 foen k§,3k%,1

+2 fof1k3 o + fa€21 k3 3k3 1 + 2 fok3 sThloo + 2 fafo1 f1k3  + 2 foky 3k3 oF + 2 fao1 k3 5k3
+2 f2é§1kg,2k§,1 +2 f2k§,2772k%,2 +2 foP{ k1 2,1k§,3 +2 k’%,:aéll kg,ak%,z +2 k%,z),éll f2k’%,2
Jrk%,:ak;,zfléll +2 k%,3k;,2k%,lé%1 + k%,géﬂ k%,sz +2 k3,3521 k%gfl +2 k%,géglkggk%,l

+2 k3 5891 k3 ok 5 + 2 freny ki PS kS +2 freay P kg k3 +2 frear 11 k3 ks

+2 fiea1 P{ k3 (k3 5 +2 fiP] k1o P k3 ) + fiks oThio €11 + 2 fLPS k3 1Tk 5

+2 frea1 €11 k3 ok3 1 + 2 f1k) o811 kg PP+ 2 f1P{ kg 1 k3 0T + 2 faer1 ko1 k3 5T

+2 foeor ki Tk 5 + f2821 k3 1 k5 o + 2 foeor P{ ky k3 | +2 foays €11 k31 K3

+2 fok 5Tk} 5811 + 2 fola1 €11 k221k5 1 + 2 foP{ ky 1 k2257 + 2 ky g€01 €11 k3 1 K3 5

+2 ké,gkggfké,zéll +2 ké,géll P.g kg,lk%,z + k%,3k%,2éll k%,lpzd +2 k%,skg,zf@pém

2~ pdpl 12 2 _ 12 pdp2 2 - = g2 g1
+2k5 3e91 Py ko1 k5 5 + k3 3€21 k5 o Py k5 1 + 2 k5 321 €11 k3 oKy 1 > 0,
a10G4

b2 = =a4>0,
aq
biaz — arb
c1 — M>O7
by
bocy — b1 %0
d, = u:b2:a4>0_
C1

Because the expression of ¢; is over 200 pages long, it is impractical to include it here. Using the Maple
software, we checked a number of times and found that all terms in the expression are positive. Therefore the
first column of Routh’s array is all positive and then all the real parts of the roots of the quartic polynomial
are negative. O

Although we could not prove that the characteristic polynomial (60) is true for generic m and n, we guess
so since we verified it for a number of combinations of m and n with m,n < 3 using the Maple software. For
large m and n, it takes long time (weeks or months depending on computing capabilities) for the Maple to
compute the polynomial.

9 Numerical Examples and Applications

We now further numerically test that the feedback inhibition rates ki and k2. determined mathematically

through (57) and (58) are working effectively in regulating products. We first use random data with no
biological relevance. So we take the initial enzyme E° = 400, all the other subsequent initial enzymes
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Figure 4: Regulation of products by competitive feedback inhibition.

E?,j = 1000, the initial substrate S° = 50, the reaction constants k° = [0.000002, 0.0000045, 0.000023],

0.00001 0.03 0.05
0.000003  0.02 0.03
0.0006 0.005 0.007
0.00004 0.002 0.008
k' = 0.000013 0.0012  0.005
0.000026  0.00345 0.0057
0.000201  0.0803  0.00125
0.000013  0.0012  0.005
0.0000043 0.0302  0.00013

0.00001 0.03 0.05
0.000003 0.02 0.03
0.0006 0.005 0.007

0.00004 0.002 0.008
0.000013 0.0012 0.005
0.000026 0.00345  0.0057
0.000201 0.0803 0.00125
0.000013 0.0012 0.005
0.0000043  0.00302  0.0013
0.000036 0.0065 0.0097
0.0000021  0.00603  0.00805
0.000026 0.00345  0.0057
0.00000467 0.000572 0.05763
0.0456 0.0575 0.0000397

k? =

Using the ode45 from MATLAB, we numerically solve the system (28)-(37) and plot these numerical solutions
in Figure 4. This figure clearly indicates that the end-products are regulated to the given levels 10 and 20,
respectively. The feedback inhibition causes the regulatory enzymes E; ; and Fy; to stop producing excess
amounts of the products, which is how the products converge to the desired concentrations.

We next consider a well known example of regulatory feedback inhibition which occurs in the Purine
Metabolism, specifically the biosynthesis of adenosine 5’-monophosphate (AMP) and guanosine 5’-monophosphate
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Figure 5: Regulation of IMP and AMP to desire product levels

(GMP) [21, 24]. In this metabolic pathway inosine monophosphate (IMP) is the initial metabolite and the
regulatory enzymes A; and G are the first branched steps that compete for IMP as seen in Figure 1.

The Purine Biosynthesis metabolic pathway serves as crucial role in DNA and RNA synthesis, intermediates
in biosynthetic reactions, energy storage and metabolic regulators. Enzymes pertaining purine biosynthetic
pathways have been linked to noteworthy disorders such as Down’s syndrome, Lesh-Nyhan syndrome[20],
immunodeficiencies [11] and cancer[20].

For simplification purposes, we have excluded secondary regulatory controls such as ATP, GDP and GTP
inhibitive concentrations[24], as well as the other mixed inhibitions within the metabolic network. We assume
that the system is in appropriate ph, temperature, and other conditions so that all enzyme activity can be
depicted through their respective Michaelis-Menten Constants k‘ﬁn ; shown in Figure 1, which are defined by

kjo K

i —
km,j - ki )
7,1

where i = 1,2 and j =1..m or n (63)

Although Michaelis-Menten Constants k},, ; are available from experiments, the reaction constants k% 5, k% 5, k% |
are usually difficult to be determined in experiments. So we randomly generate the constants kj 5, K} 5 and
then get k7, through the equation (63). With these reaction constants and the inhibition rates determined
mathematically through (57) and (58), we use the MATLAB to numerically solve the system (28)-(37)

again. Figure 5 shows that the products are successfully regulated to the given levels 400umol for GMP and
320pmol for AMP, respectively.

The numeric analysis of these simplified metabolic examples reveals that the feedback inhibition rates deter-
mined mathematically through (57) and (58) can be utilized for better understanding of competitive feedback
inhibition of products in cell metabolism. From the numerical analysis of the equations (57) and (58), which
predict feedback inhibition rates, it can be safely conjectured that the mathematical methods employed to
analyze the system of branched feedback inhibition rates is effective in modeling feedback inhibition rates.
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