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Abstract
Optimal design theories of mixed-effects models are not well established, mainly because
there are some substantial differences between them and fixed-effects models. The differ-
ences are “local optimality”, lack of orthogonality and independence, and two layout design
structure. Despite all of these differences, optimal designs for mixed-effects models could be
surprisingly similar to optimal designs for relevant fixed-effects models. These circumstances
include some mixed-effects models for stability research for drug development, which initially
motivated this research project. We construct optimal designs for many mixed-effects mod-
els. These optimal designs do not depend on unknown parameters and the optimality of
these designs may extend to variance components estimation.

1 Introduction

As important alternatives of fixed-effects models, mixed-effects models have been very pop-
ular in practice. For one example, a random block design is an alternative model of a
standard block design, since the block effect should be viewed as a random effect in many
circumstances, see e.g. (Searle, Casella, and McCulloch 1992), (Cheng 1995), (Atkins and
Cheng 1999), (Pinheiro and Bates 2000), and (Montgomery 2001), among others. For an-
other example, linear models with random intercept and random slope are alternatives of
simple regression models. These models were proposed in the stability research for drug de-
velopment, by (Chow and Shao 1989) and (Chow and Shao 1991); a similar model was used
for a longitudinal growth study, by (Snijders and Bosker 1999), (Ouwens, Tan, and Berger
2002), and references therein. Finally, more mixed-effects models are abundantly available
in the literature. Readers are referred to some excellent books for details, e.g. (Christensen
1987), (Searle, Casella, and McCulloch 1992), (Pinheiro and Bates 2000), (Diggle, Heagetty,
Liang, and Zeger 2002).

Designs for experiments using random-effects models and mixed-effects models attract more
and more attentions. This study is motivated by the stability study for drug development,
conducted in many pharmaceutical companies, through a random intercept and random
slope longitudinal model, (Chow and Shao 1989), (Chow and Shao 1991), (Murphy and
Weisman 1990), and (Chow and Wang 1994). In the stability study for drug development,
the computation of shelf life of the drug is particularly important. The computation of shelf
life depends on the parameters estimates obtained through some experiments. These exper-
iments are usually very expensive. In order to be cost-efficient, experiments are expected
to be carefully planned while the studies on optimal designs are important. Compared to
approximate optimal designs, exact optimal designs are normally desirable, since both of
the number of lots and the number of lots samples are usually small or moderate. Further-
more, computations of shelf life may depend on the estimation of both of the fixed effects
and variance components parameters, namely the intercept, slope, and variances of random
intercept and random slope. As a consequence, estimations for all parameters, including
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variance components, may be equally important.

Optimal design theories for linear fixed-effects regression models are extensively carried out
in the past a few decades. However, there are relatively less results on optimal design theories
for random or mixed-effects models. (Cheng 1995) and (Atkins and Cheng 1999) constructed
optimal designs in the presence of random block effect. (Liski, Mandal, Sinha, and Abt 1997)
and (Abt, Gaffke, Liski, and Sinha 1998) considered linear and quadratic growth mixed-effect
models, with interclass correlation structure and autocorrelated structure; (Ouwens, Tan,
and Berger 2002) discussed Maximin D-optimal designs for a random intercept and random
slope longitudinal mixed-effects model. (Liski, Mandal, Shah, and Sinha 2002) considered
optimal designs for a variety of models, including many random or mixed-effects models.
(Hedayat, Stufken, and Yang 2006) discussed Optimal and efficient crossover designs when
subject effects are random. Some elegant results were obtained in theses papers and refer-
ences therein. However, many design problems remain unsolved, mainly because there are
some substantial differences between fixed-effects models and mixed-effects models, in terms
of theory and tools. For one of these differences, optimal designs in mixed-effects models may
depend on unknown parameters: the variance components, see, e.g. (Cheng 1995), (Atkins
and Cheng 1999), (Ouwens, Tan, and Berger 2002), and (Liski, Mandal, Shah, and Sinha
2002). For this reason, optimal designs are actually “local optimal designs”, (Atkinson and
Donev 1992). As we know, “local optimality” was a character of nonlinear designs. This
character has made the major difference on optimal designs between linear and nonlinear
models; it also has made people reluctant to adopt them in practice. Another difference
is the lack of orthogonality and independence among estimations of effects parameters and
variance parameters in the mixed-effects models. For linear fixed-effects models, the esti-
mators of effect parameters and variance parameters are uncorrelated, which is termed as
orthogonality in this paper, see formula (5) in Section 2. Furthermore, from formula (5) in
Section 2, the asymptotic variance of the variance estimator is independent of the design
point. Because of the orthogonality and independence, an optimal design for effects param-
eters is also an optimal design for the variance parameters. However, this is usually not
true for the mixed-effects models, see Section 2 for details. Finally, designs for mixed-effects
models have two layouts: the within-subject layout and the between-subject layout. For
the within-subject layout, we need to determine the number (or weight) of lots samples and
actual values of the covariate for each sample unit. For the between-subject subject, we
need to determine the number (or weight) of lots. This two-layout structure could make
the optimal designs very complicated for mixed-effects models, see Section 4 for some details.

Estimations for all parameters, including variance components, may be equally important.
Optimal designs which are the best for estimating effects parameters under some suitable
criteria, are not necessarily be optimal for estimating the variance components. Existing
papers usually do not address this problem. In Section 3, we establish exact optimal designs
theories for some mixed-effects models with some special structures. The optimality may
extend to variance components parameters. The special structures allow us to avoid the
complications due to the two-layout structure. The optimal designs we obtained do not
depend on the variance components parameters, which therefore avoid the “local optimal-
ity”. Since optimal designs considered here automatically handle both layouts, we shall not
focus on these complications. However, in the discussion section, we shall briefly discuss the
potential difficulties on optimal designs due to two layouts.

In Section 2, we introduce the model under our considerations. In Section 3, we construct
exact optimal designs for some models, where the numbers of random effects components
and the cluster size satisfy some conditions. Starting from the simplest case when the di-
mension of the random effect is 1, several cases have been considered. However, as indicated
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in Section 4, we only considered a small portion of models here. Further research is needed
to address many other important differences between fixed-effects model and mixed-effects
models, in terms of optimal design theories.

2 Models under considerations

The model considered is described as follows. Consider data partitioned into m clusters,
where the ith cluster consists of n observations, yi = (yi1, . . . , yin)T , where yij is the observed
value of the jth observation from the ith cluster. We consider the following linear mixed-
effects model,

yi = Xiβ + Zibi + εi, (1)

where β is a vector of u unknown fixed-effects parameters and bi is a vector of w unob-
servable random effects. We also assume εi ∼ N(0, σ2In), which means that yi1, ..., yin are
conditionally independent for given bi. Here In is the n× n identity matrix. In the second
stage, the unobservable random-effects vectors b1, ..., bn are assumed to be a random sample
from a normal distribution N(0,Ψ). We assume that Ψ = diag{σ2

0 , σ2
1 , · · · , σ2

w−1}. Let Ω
denote the parameter space for ξT = (βT , σ2, θT ), where θ = (σ2

0 , σ2
1 , · · · , σ2

w−1). We assume
that the first column of the design matrix Xi is 1n = (1, · · · , 1)T , therefore the model also
assumes the existence of a general mean.

Let Vi = σ2In + ZiΨ−1ZT
i , following (Searle, Casella, and McCulloch 1992), page 239, the

Fisher information matrix

Iξ(d) =




∑m
i=1 XT

i V −1
i Xi 0 0

0 1
2

∑m
i=1 tr(V −2

i ) Iσ2θ

0 Iσ2θ Iθθ


 , (2)

where d is the design with design matrices Xi and Zi, Iσ2θ is a 1 × w matrix, and Iθθ is a
w × w matrix,

Iσ2θ[1, k] =
1
2

m∑

i=1

tr(V −1
i ZikZT

ikV −1
i ), (3)

Iθθ[k, l] =
1
2

m∑

i=1

tr(ZikZT
ikV −1

i ZilZ
T
il V

−1
i ). (4)

Here Zik is the kth column vector of the matrix Zi.

In this article, we mostly focus on the construction of the D-optimal design. By definition,
(Atkinson and Donev 1992), a design d is called D-optimal if d maximizes the determination
of the information matrix, i.e, maximizes det(Iξ(d)).

If dim(θ) = w = 0, i.e. the model (1) reduces to the following fixed-effects model,

yi = Xiβ + εi,
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and the information matrix becomes

Iη(d) =
( ∑m

i=1 XT
i V −1Xi 0
0 m

2σ4

)
, (5)

where V = σ2In and ηT = (βT , σ2). The variance of σ̂2, the maximum likelihood esti-
mator (MLE) of σ2, are “independent” of the design matrix Xi and Zi. Furthermore, the
covariance between β̂ and σ̂2 is 0, where β̂ denotes the MLE of β. In other words, for the
fixed-effects model, estimation of β and σ2 are “orthogonal” (the MLE of β and σ2 are
uncorrelated). As a consequence, an optimal design for estimating β is an optimal design
for estimating σ2. However this is certainly not true for mixed-effects models. In model
(1), the parameter is ξ = (β, σ2, θ). From the information matrix Iξ(d), it is clear that the
variance of σ̂2 and θ̂ both depend on the design matrix Zi. Furthermore, the covariance
between σ̂2 and θ̂ is no longer 0, the “orthogonality” property is lost. As a consequence, for
mixed-effects models, an optimal design for estimating β is not automatically optimal for
estimating other parameters.

The differences between a fixed-effects model and a mixed-effects model suggest us to care-
fully study optimal designs for mixed-effects models. Before introducing the main results,
we present some notations. Let d = (d1, · · · , dm) denote a design where di is the sub-design
on the ith subject,

di =
{

ai1 · · · aini

wi1 · · · wini

}
(6)

where ai1, · · · , aini are distinct design points and wi1, · · · , wini are corresponding weights.
Since we consider exact designs, we assume that nwij be an integer.

3 Main results

In this section, we shall consider several cases separately. We recall that dim(θ) = w is the
dimension of the random effect bi.

3.1 Case 1: dim(θ) = 1 and Zi = 1n.

Zi = 1n means there is only one random effect. In this case, bi is usually called the random
block effect, (Searle, Casella, and McCulloch 1992), (Cheng 1995), (Atkins and Cheng 1999),
among others.

Proposition 1. If Zi = 1n, then a D-optimal design for estimating β is also a D-optimal

design for estimating ξ.

Proof.

det(Iξ(d)) = det

(
m∑

i=1

XT
i V −1

i Xi

)
det

{(
1
2

∑m
i=1 tr

(
V −2

i

)
Iσ2θ

Iσ2θ Iθθ

)}
.

In this case, Vi = σ2In + 1nΨ−11T
n does not depend on the design matrix X. It is there-

fore also clear, through (3) and (4), that Iσ2θ and Iθθ do not depend on X since they
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only depend on V ′
i s. As a consequence, a D-optimal design for estimating ξ maximizes

det(
∑m

i=1 XT
i V −1

i Xi), which is the information matrix for estimating β.

The proposition implies, D-optimal designs presented in Theorem 2.1 of (Atkins and Cheng
1999) are also D-optimal designs for estimating ξ, all parameters.

3.2 Case 2: dim(θ) = 2, dim(β) = 2

In this case, we assume Zi = Xi.

ZT
i = XT

i =
{

1, · · · , 1
xi1, · · · , xin

}

2×n

.

This is a simple random-effect linear model with random intercept bi0 and random slope
bi1. bi0 ∼ N(0, σ2

0) and bi1 ∼ N(0, σ2
1) are uncorrelated. This model has been used in many

areas, e.g. (Chow and Shao 1989), (Chow and Shao 1991), (Murphy and Weisman 1990),
(Chow and Wang 1994), (Ouwens, Tan, and Berger 2002), and (Liski, Mandal, Shah, and
Sinha 2002).

By definition, Vi = σ2In + σ2
01n1T

n + σ2
1xix

T
i , with xT

i = (xi1, · · · , xin). It is easy to show
that, from equations (3) and (4), the information for parameter θ for given σ2 is

Iθθ =
( ∑m

i=1(1
T
nV −1

i 1n)2
∑m

i=1(1
T
nV −1

i xi)2∑m
i=1(x

T
i V −1

i 1n)2
∑m

i=1(x
T
i V −1

i xi)2

)
.

The information matrix for parameter γ = (β, σ2
0 , σ2

1), for given σ2, is

Iγ(d) =




∑m
i=1 1T

nV −1
i 1n

∑m
i=1 1T

nV −1
i xi 0 0∑m

i=1 xT
i V −1

i 1n

∑m
i=1 xT

i V −1
i xi 0 0

0 0
∑m

i=1(1
T
nV −1

i 1n)2
∑m

i=1(1
T
nV −1

i xi)2

0 0
∑m

i=1(x
T
i V −1

i 1n)2
∑m

i=1(x
T
i V −1

i xi)2


 . (7)

In this model, the design point is xij , i = 1, · · · ,m, j = 1, · · · , n.

Theorem 2. Assume that n is an even number and the design space of xij is [-1,1], then

the design d = (d1, · · · , dn), with

di =

(
−1 1

0.5 0.5

)

is the unique D-optimal design for estimating for estimating γ = (βT , σ2
0 , σ2

1), for given σ2,

i.e. it maximizes Det(Iγ).

The proof is given in Appendix 5.1.

3.3 Case 3: dim(θ) = 2, dim(β) = 4

We assume two column vectors of Zi are the first two columns of Xi, i.e. a mixed-effects linear
model with random intercept bi0 and random slope bi1. bi0 ∼ N(0, σ2

0) and bi1 ∼ N(0, σ2
1).
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In this case, we assume Zi = Xi.

XT
i =





1, · · · , 1
xi1,1, · · · , xi1,n

xi2,1, · · · , xi2,n

xi3,1, · · · , xi3,n





4×n

,

and ZT
i is the matrix formed by the first 2 rows of XT

i . The design point xij = (xi1,j , xi2,j , xi3,j)T ∈
[−1, 1]3.

Theorem 3. Let n be a multiple of 4. Assume that the design space of xij is [−1, 1]3, then

the design d = (d1, · · · , dn) with

di =

(
{1, 1, 1} {1,−1,−1} {−1, 1,−1} {−1,−1, 1}

0.25 0.25 0.25 0.25

)
.

is a D-optimal design for estimating parameters β. i.e. the design maximizes

det(
∑m

i=1 XT
i V −1

i Xi). Furthermore, this design is also a D-optimal design for estimating

γ = (βT , σ2
0 , σ2

1) for given σ2, i.e. it maximizes Det(Iγ).

The proof is given in Appendix 5.3.

Remark: Since the information for β and the information other parameters are “orthog-
onal”, the D-optimal design for β in the theorem could be viewed as DA or DS-optimal
design, (Silvey 1980).

3.4 Case 4: dim(θ) = 2, dim(β) = 3

In this case, we assume two column vectors of Zi are first two columns of Xi,

XT
i =





1, · · · , 1
xi1,1, · · · , xi1,n

xi2,1, · · · , xi2,n





3×n

,

and ZT
i is the matrix formed by the first 2 rows of XT

i . The design point xij = (xi1,j , xi2,j)T ∈
[−1, 1]2.

This is a mixed-effects linear model with random intercept bi0 and random slope bi1. bi0 ∼
N(0, σ2

0) and bi1 ∼ N(0, σ2
1).

Theorem 4. Let n be an even number. Assume that the design space of xij is [−1, 1]2, then

the design d = (d1, · · · , dn), with

di =

(
{1, 1} {1,−1} {−1, 1} {−1,−1}
0.25 0.25 0.25 0.25

)

is a D-optimal design for estimating parameters β. i.e. the design maximizes

det(
∑m

i=1 XT
i V −1

i Xi). Furthermore, this design is also D-optimal design for estimating

γ = (βT , σ2
0 , σ2

1), for given σ2, i.e. it maximizes Det(Iγ).
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The proof is given in Appendix 5.4.

3.5 Case 5: dim(θ) = 4, dim(β) = 4

In this case, we assume Zi = Xi,

XT
i = ZT

i =





1, · · · , 1
xi1,1, · · · , xi1,n

xi2,1, · · · , xi2,n

xi3,1, · · · , xi3,n





4×n

,

i.e. a linear model with random intercept bi0 and 3 independent random slopes bi1, bi2, bi3.
bil ∼ N(0, σ2

l ), l = 0, 1, 2, 3. In this section we assume n is a multiple of 4. The design point
is xij = (xi1,j , xi2,j , xi3,j)T ∈ [−1, 1]3.

Theorem 5. Let n be a multiple of 4. Assume that the design space of xij is [−1, 1]3, then

the design d = (d1, · · · , dn), with

di =

(
{1, 1, 1} {1,−1,−1} {−1, 1,−1} {−1,−1, 1}

0.25 0.25 0.25 0.25

)

is the unique D-optimal design for estimating parameters β. i.e. The design maximizes∑m
i=1 XT

i V −1
i Xi.

The proof is given in Appendix 5.2. Again, the D-optimal design for β in the theorem could
be viewed as DA or DS-optimal design, (Silvey 1980).

3.6 Case 6: dim(θ) = 4l, dim(β) = 4l

In this case, we assume Zi = Xi, i.e. a linear model with random intercept bi,0 and 4l − 1
independent random slopes bi,1, , · · · , bi,4l−1. bih ∼ N(0, σ2

h), h = 0, · · · , 4l − 1. In this
section we assume n is a multiple of 4l. The design point xij = (1, xi1,j , · · · , xi4l−1,j)T ∈
[−1, 1]4l.

Theorem 6. Let w = 4l and n is a multiple of w. Furthermore, we assume that a w ×
w Hadamard matrix exists. Let v1 = (1, · · · , 1)T . Assume that v1, · · · , vw are column

vectors of the Haramard matrix, and the design space of xij is [−1, 1]4l, then the design

d = (d1, · · · , dn), with

di =

(
v1, · · · , v4l

1
4l , · · · , 1

4l

)
,

is a D-optimal design for estimating parameters β. i.e. The design maximizes det(
∑m

i=1 XT
i V −1

i Xi).

The proof can be done along with the lines of the proof for Theorem 5 and details are given
in Section 6.2. The construction depends on the existence of the Hadamard matrix, for
which readers are refer to (Hedayat, Sloane, and Stufken 1999), page 147 for details. The
D-optimal design for β in the theorem could be viewed as DA or DS-optimal design, (Silvey
1980).
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4 Discussion

We considered a number of cases where the exact optimal designs are simple and do not
depend on the variance components. However, it is worth to mentioned that these models
contribute to a small proportion of mixed-effect models. In general, the design could be
much more complicated and difficult because of the following reasons. First, optimal designs
depend on the variance and covariance structure of the random effects and random errors,
(Cheng 1995), (Atkins and Cheng 1999), (Liski, Mandal, Shah, and Sinha 2002), (Ouwens,
Tan, and Berger 2002). Therefore, it carried the properties of nonlinear fixed-effects model
design, although it is a linear model. Second, the estimations of variances components are
not “orthogonal and independent” to estimation of other parameters. Third, the design for
mixed-effects model has two layouts. In order to establish the D-optimality, both layouts
should be considered, particularly for exact designs when the cluster sizes are small. For the
within-subject layout, the design criterion is similar to the DA or Ds criteria, (Silvey 1980),
(Atkinson and Donev 1992). However, for the between-subject layout, the design criterion
is the standard D-optimal criteria. The two criteria made it difficult to use the general
equivalence theory to simplify the questions. On the other hand, if we restricted on one
layout, the problem may be easier. For example, we assume that Xij = X1j and Zij = Z1j

for all j = 1, · · · , n, (Liski, Mandal, Shah, and Sinha 2002), then we need only to consider
the Ds optimality; We may also fixed the number of n, and consider the between-subject
layout, (Ouwens, Tan, and Berger 2002). However, many more tools are needed to develop
before we can systematically solve the optimal design problem in linear mixed-effects models.
As a matter of fact, the domain of design matrix is also a complicated issue to deal with.
Readers are referred to (Liski, Mandal, Shah, and Sinha 2002) for details.

5 Appendix

5.1 Appendix: Proof of Theorem 2

Lemma 7. Let xT = (x1, · · · , xn), 1T
n = (1, · · · , 1) which is the n-vector with all elements

being 1, V = σ2In + σ2
01n1T

n + σ2
1xxT , where In is the n× n identity matrix.

1T
nV −11n =

n

σ2 + nσ2
0

1 + nσ2
1

σ2 (x̄2 − x̄2)

1 + nσ2
1

σ2

{
x̄2 − nx̄2σ2

0
σ2+nσ2

0

} , (8)

xT V −11n =
1

σ2 + nσ2
0

nx̄

1 + σ2
1

σ2

{
nx̄2 − n2x̄2σ2

0
σ2+nσ2

0

} , (9)

xT V −1x =
1

σ2

{
nx̄2 − n2x̄2σ2

0
σ2+nσ2

0

}

1 + σ2
1

σ2

{
nx̄2 − n2x̄2σ2

0
σ2+nσ2

0

} , (10)

where x̄ =
∑n

i=1 xi/n and x̄2 =
∑n

i=1 x2
i /n.

The proof of lemma 7 is given in Appendix 6.1.

Proof of Theorem 2
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Proof.

Iγ =




∑m
i=1 1T

nV −1
i 1n

∑m
i=1 1T

nV −1
i xi 0 0∑m

i=1 xT
i V −1

i 1n

∑m
i=1 xT

i V −1
i xi 0 0

0 0
∑m

i=1(1
T
nV −1

i 1n)2
∑m

i=1(1
T
nV −1

i xi)2

0 0
∑m

i=1(x
T
i V −1

i 1n)2
∑m

i=1(x
T
i V −1

i xi)2




,

where Vi = σ2In + σ2
01n1T

n + σ2
1xix

T
i and xT

i = (xi1, · · · , xin). By Hadamard’s determinant

inequality, Marcus and Minc (1992), page 114, (see also Hedayat, Sloane, and Stufken (1999),

page 166).

det(Iγ) ≤
{

m∑

i=1

1T
nV −1

i 1n

}{
m∑

i=1

xT
i V −1

i xi

}
(11)

{
m∑

i=1

(1T
nV −1

i 1n)2
}{

m∑

i=1

(xT
i V −1

i xi)2
}

,

where the equality holds if and only if Iγ is a diagonal matrix. Then equation (9), Lemma

7 implies that the equality holds if and only if
∑n

j=1 xij = 0, i = 1, · · · ,m.

Using equation (8), we obtain

m∑

i=1

1T
nV −1

i 1n ≤ nm

σ2 + nσ2
0

,

m∑

i=1

(1T
nV −1

i 1n)2 ≤ n2m

(σ2 + nσ2
0)2

,

where the equalities hold if and only if x2
ij = 1. Finally, using equation (9), we obtain

m∑

i=1

xT
i V −1

i xi ≤ mn

σ2 + σ2
1n

,

m∑

i=1

(xT
i V −1

i xi)2 ≤ mn2

(σ2 + σ2
1n)2

,

where the equalities hold if and only if x2
ij = 1.

As a consequence, the inequality

det(Iγ) ≤ nm

σ2 + nσ2
0

n2m

(σ2 + nσ2
0)2

mn

σ2 + σ2
1n

mn2

(σ2 + σ2
1n)2

,

where the equality holds if and only if
∑n

i=1 xij = 0, i = 1, · · · ,m and x2
ij = 1, i = 1, · · · , n,

j = 1, · · · , n. The design given in Theorem 2 is the unique choice which satisfies the

conditions
∑n

i=1 xij = 0, i = 1, · · · ,m and x2
ij = 1, i = 1, · · · ,m, j = 1, · · · , n.

5.2 Appendix: Proof of Theorem 5

Before proving Theorem 5 for case 5 and Theorem 6 for case 6, we need the following two
lemmas. Both lemmas are given based on case 6, which naturally apply to case 5.
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Lemma 8. Let A = (XT
i Xi + σ2Ψ−1)−1 and akk be the kth element on the diagonal, then

akk ≥
σ2

k−1

σ2 + nσ2
k−1

, k = 1, ..., 4l,

the equality holds if and only if XT
ikXip = 0 and XT

ikXik = n for k, p = 1, · · · , 4l.

Proof. We rewrite

A =

(
n + σ2

σ2
0

1T
nB

BT 1n D

)−1

,

where 1n = (1, · · · , 1)T and B is obtained from Xi by dropping the first column. D =

BT B + σ2diag
{

1
σ2
1
, · · · , 1

σ2
4l−1

}
. Note that,

a11 =
(

n +
σ2

σ2
0

− 1T
nBD−1BT 1n

)−1

≥
(

n +
σ2

σ2
0

)−1

=
σ2

0

σ2 + nσ2
0

,

where the equality holds if and only if XT
ik1n=0 for k = 1, · · · , 4l−1. Here Xik is the k+1th

column of the matrix Xi. Let B1 is the matrix obtained from X by dropping the second

column Xi1, D1 = BT
1 B1+σ2diag

{
1

σ2
0
, 1

σ2
2
, · · · , 1

σ2
4l−1

}
. Let Xi1 be the second column vector

of xi. It can be show that

a22 =
(

XT
i1Xi1 +

σ2

σ2
1

−XT
i1B1D

−1
1 BT

1 Xi1

)−1

≥
(

XT
i1Xi1 +

σ2

σ2
1

)−1

≥ σ2
1

σ2 + nσ2
1

,

where the equality holds if and only if XT
i2Xi2 = n and XT

i2Xik=0 for k = 0, 2, · · · , 4l − 1.

Similarly we can show

akk ≥
σ2

k−1

σ2 + nσ2
k−1

,

where the equality holds if and only if XT
ikXik = n and XT

ikXip=0 for k 6= p.

Lemma 9. Let C = XT
i Xi(XT

i Xi + σ2Ψ−1)−1 then

ckk = 1− akkσ2

σ2
k−1

, k = 1, · · · , 4l − 1,

where ckk and akk is the kth element on the diagonal of the matrices C and (XT
i Xi +

σ2Ψ−1)−1.

10



Proof. Let

(
d1, ..., d4l

)T

= (XT
i Xi + σ2Ψ−1)−1

(
1, 0, ..., 0

)T

.

Note that d1 is c11. Then

XT
i Xi

(
d1, ..., d4l

)T

=
(

1− d1σ2

σ2
0

,−d1σ2

σ2
1

, ...,− d1σ2

σ2
4l−1

)T

.

Therefore,

c11 = (1, 0, · · · , 0) XT
i Xi(XT

i Xi + σ2Ψ−1)−1
(

1, 0, ..., 0
)T

= 1− d1σ
2

σ2
0

= 1− a11σ
2

σ2
0

Similarly, we can prove ckk = 1− akkσ2

σ2
k−1

, k = 2, · · · , 4l − 1.

Proof of Theorem 5

Proof. The D-Optimal designs maximize

det

(
m∑

i=1

XT
i V −1

i Xi

)
,

Note that,

m∑

i=1

XT
i V −1

i Xi

=
1
σ2

m∑

i=1

[
XT

i Xi −XT
i Xi(XT

i Xi + σ2Ψ−1)−1XT
i Xi

]

=
m∑

i=1

[
XT

i Xi(XT
i Xi + σ2Ψ−1)−1Ψ−1

]

=
m∑

i=1

[
XT

i Xi(XT
i Xi + Ψ−1σ2)−1

]
Ψ−1.

Now by Hadamard’s determinant inequality, we obtain

det

{
m∑

i=1

[
XT

i Xi(XT
i Xi + Ψ−1σ2)−1

]
Ψ−1

}
≤

4∏

k=1

λkk

σ2
k−1

,

where λkk is the kth diagonal element of the matrix
∑m

i=1

[
XT

i Xi(XT
i Xi + Ψ−1σ2)−1

]
. By

Lemmas 9 and 8, we have λkk ≤ mnσ2
k−1/(σ2 + nσ2

k−1). Thus,

det

(
m∑

i=1

XT
i V −1

i Xi

)
≤

3∏

l=0

mn

σ2 + nσ2
l

.
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The equality holds if and only if assumptions in Lemma 8 holds. for all k, p = 1, 2, 3, 4, i.e.

Xi is the design matrix for design described in Theorem 5.

5.3 Appendix: Proof of Theorem 3

Proof. Let xT
ik = (xik,1, · · · , xik,n), k = 1, 2, 3.

Iβ =




∑m
i=1 1T

nV −1
i 1n

∑m
i=1 1T

nV −1
i xi1

∑m
i=1 1T

nV −1
i xi2

∑m
i=1 1T

nV −1
i xi3∑m

i=1 1T
nV −1

i xi1

∑m
i=1 xT

i1V
−1
i xi1

∑m
i=1 xT

i1V
−1
i xi2

∑m
i=1 xT

i1V
−1
i xi3∑m

i=1 1T
nV −1

i xi2

∑m
i=1 xT

i1V
−1
i xi2

∑m
i=1 xT

i2V
−1
i xi2

∑m
i=1 xT

i2V
−1
i xi3∑m

i=1 1T
nV −1

i xi3

∑m
i=1 xT

i1V
−1
i xi3

∑m
i=1 xT

i2V
−1
i xi3

∑m
i=1 xT

i3V
−1
i xi3




,

where Vi = σ2In +σ2
01n1T

n +σ2
1xi1x

T
i1, and xil is the l +1th column vector of the matrix Xi.

By Hadamard’s determinant inequality, we obtain,

det(Iβ) ≤
m∑

i=1

1T
nV −1

i 1n

3∏

l=1

(
m∑

i=1

xT
ilV

−1
i xil

)
.

The equality holds when the matrix is diagonal. Using the Exercise 2.9, page 33, (Rao 1973),

we obtain,

V −1
i = U−1 − σ2

1U−1xi1(σ2
1xT

i1U
−1xi1 + 1)−1xT

i1U
−1,

where U−1 = σ−2In − σ−2σ2
01n(σ2 + nσ2

0)−11T
n . Thus

xT
i2V

−1
i xi2 ≤ xT

i2U
−1xi2 = σ−2xT

i2xi2 − σ−2σ2
0xT

i21n(σ2 + nσ2
0)−11T

nxi2 ≤ nσ−2.

Similarly, xT
i3V

−1
i xi3 ≤ nσ−2. From the proof of Theorem 2, we have,

m∑

i=1

1T
nV −1

i 1n ≤ mn

σ2 + σ2
0n

,

m∑

i=1

xT
i1V

−1
i xi1 ≤ mn

σ2 + σ2
1n

,

thus,

det(Iβ) ≤ m2n2

σ4

1∏

l=0

mn

σ2 + σ2
l n

.

On the other hand, for the design given in Theorem 3, the following equality holds exactly,

det(Iβ) =
m2n2

σ4

1∏

l=0

mn

σ2 + σ2
l n

.

Along with lines of this proof, we can show the design is D-optimal for estimating (βT , σ2
0 , σ2).
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5.4 Appendix: Proof of Theorem 4

Proof.

Iβ =




∑m
i=1 1T

nV −1
i 1n

∑m
i=1 1T

nV −1
i xi1

∑m
i=1 1T

nV −1
i xi2∑m

i=1 1T
nV −1

i xi1

∑m
i=1 xT

i1V
−1
i xi1

∑m
i=1 xT

i1V
−1
i xi2∑m

i=1 1T
nV −1

i xi2

∑m
i=1 xT

i1V
−1
i xi2

∑m
i=1 xT

i2V
−1
i xi2


 ,

where Vi = σ2In +σ2
01n1T

n +σ2
1xi1x

T
i1, and xil is the l +1th column vector of the matrix Xi.

By Hadamard’s determinant inequality, we obtain,

det(Iβ) ≤
m∑

i=1

1T
nV −1

i 1n

2∏

l=1

(
m∑

i=1

xT
ilV

−1
i xil

)
.

The equality holds when the matrix is diagonal. Using Lemma 7, similar to the proof of

Theorem 3 we obtain,

xT
i2V

−1
i xi2 ≤ nσ−2

and

det(Iβ) ≤ mn

σ2

1∏

l=0

mn

σ2 + σ2
l n

.

On the other hand, we know that, for the design described in Theorem 3,

det(Iβ) =
mn

σ2

1∏

l=0

mn

σ2 + σ2
l n

.

Similarly, we can show the design is D-optimal for estimating (βT , σ2
0 , σ2).
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6 Technical report

6.1 Technical report: Proof of Lemma 7

Let U = σ2In + σ2
01n1T

n , Let

x̄2 =

∑n
j=1 x2

j

n
, , x̄ =

∑n
j=1 xj

n
,

V −1 = U−1 − σ2
1U−1x(σ2

1xT U−1x + 1)−1xT U−1,

U−1 = σ−2In − σ−2σ2
01n(σ2 + nσ2

0)−11T
n .

14



Simple computation leads to

U−11n =
1n

σ2 + nσ2
0

, U−1x =
1
σ2

[
x− nσ2

0

σ2 + nσ2
0

x̄1n

]
.

So

1T
nU−11n =

n

σ2 + nσ2
0

,

xT U−11n =
nx̄

σ2 + nσ2
0

,

xT U−1x =
1
σ2

[
nx̄2 − n2x̄2σ2

0

σ2 + nσ2
0

]
.

Thus

σ2
1xT U−1x + 1 = 1 +

σ2
1

σ2

[
nx̄2 − n2x̄2σ2

0

σ2 + nσ2
0

]
.

Now,

1T
nV −11n = 1T

nU−11n − σ2
11T

nU−1x(σ2
1xT U−1x + 1)−1xT U−11n

=
n

σ2 + nσ2
0

− σ2
1

nx̄

σ2 + nσ2
0

[
1 +

σ2
1

σ2

{
nx̄2 − n2x̄2σ2

0

σ2 + nσ2
0

}]−1
nx̄

σ2 + nσ2
0

=
n

σ2 + nσ2
0

− σ2
1

n2x̄2

(σ2 + nσ2
0)2

[
1 +

σ2
1

σ2

{
nx̄2 − n2x̄2σ2

0

σ2 + nσ2
0

}]−1

=
1

σ2 + nσ2
0

n + n2σ2
1σ−2x̄2 − n3σ2

1σ−2σ2
0/(σ2 + nσ2

0)x̄2 − n2σ2
1/(σ2 + nσ2

0)x̄2

1 + σ2
1

σ2

{
nx̄2 − n2x̄2σ2

0
σ2+nσ2

0

}

=
1

σ2 + nσ2
0

n + n2σ2
1σ−2x̄2 − n2σ2

1σ−2x̄2

1 + σ2
1

σ2

{
nx̄2 − n2x̄2σ2

0
σ2+nσ2

0

} .

Similarly

xT V −11n = xT U−11n − σ2
1xT U−1x(σ2

1xT U−1x + 1)−1xT U−11n

=
1

σ2 + nσ2
0

nx̄

1 + σ2
1

σ2

{
nx̄2 − n2x̄2σ2

0
σ2+nσ2

0

} ,

xT V −1x = xT U−1x− σ2
1xT U−1x(σ2

1xT U−1x + 1)−1xT U−1x

=
1

σ2

{
nx̄2 − n2x̄2σ2

0
σ2+nσ2

0

}

1 + σ2
1

σ2

{
nx̄2 − n2x̄2σ2

0
σ2+nσ2

0

} .
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6.2 Technical report: Proof of Theorem 6

Proof. As in the proof of Theorem 5,

m∑

i=1

XT
i V −1

i Xi =
m∑

i=1

[
XT

i Xi(XT
i Xi + Ψ−1σ2)−1

]
Ψ−1.

By Hadamard’s determinant inequality, we obtain

det

{
m∑

i=1

[
XT

i Xi(XT
i Xi + Ψ−1σ2)−1

]
Ψ−1

}
≤

4l∏

k=1

λkk

σ2
k−1

,

where λkk is the kth diagonal element of the matrix
∑m

i=1

[
XT

i Xi(XT
i Xi + Ψ−1σ2)−1

]
. By

Lemmas 9 and 8, we have λkk ≤ mnσ2
k−1/(σ2 + nσ2

k−1). Thus,

det

(
m∑

i=1

XT
i V −1

i Xi

)
≤

4l−1∏

l=0

mn

σ2 + nσ2
l

.

The equality holds if and only if assumptions in Lemma 8 holds. for all k, p = 1, 2, 3, 4l, i.e.

Xi is the design matrix for design described in Theorem 5.
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