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Abstract

In this article we consider the inverse boundary value problem for the elliptic
equation V - (y(z)Vu) = 0 in R%. We use Fadeev's fundamental solution and
a method previously employed by Sylvester, which consists of reducing the
anisotropic conductivity -, to an isotropic one. This results, after a change of
dependent variables, in a Schrodinger equation with the potential ¢(z). Then
using Nachman and the d-equation, we give a different proof of his result, that
the Dirichlet-to-Neumann map A determines the coefficients ~ of the equation
uniquely, up to a change of coordinates.

1 Introduction

Inverse problems arise naturally in the physical world around us. The inverse
boundary value problem consists of gaining some knowledge about the interior
of a body from measurements on the boundary. In medical diagnostics, for ex-
ample, one is interested in determining the location and/or the size of a tumor
inside the body from measurements taken just on the outside. There are also
applications in the earth sciences, for example, where one uses measurements
taken on the surface in order to locate oil or minerals inside earth.

We are interested in uniqueness results for the inverse problems. To state our
inverse boundary value problem, first consider the following boundary value
problem

V-(y(@)Vu) = 0inQ
Uy = f (L.1)

where  is some bounded subset of R2, 9Q is C°, f € C*°(99Q) and () is a
positive definite symmetric matrix. If (1.1) has a unique solution for each f, we
can define a Dirichlet-to-Neumann operator

A 90—00 by
ou

Af = &
f onlag’

(1.2)



where n is the exterior unit normal vector to 0S2.

The inverse boundary value problem for (1.1) consists of determining ~(z) from
the knowledge of A. Notice that this problem is equivalent to the impedance to-
mography problem, where the goal is to use voltage and current measurements
on the boundary in order to find the conductivity of a given material. Here ~(x)

represents the electrical conductivity of some material, u(x)| 50, IS the voltage

and % . is the current on the boundary. So our Dirichlet-to-Neumann map

is a set of values of u(z) and is often called the

“voltage-to-current” map.

and corresponding 8Z

‘ o0 ‘ o’

To answer wether A determines ~(z) uniquely, which is the question that was
posed by Calderon [5], there has been a body of work produced in the last few
decades. Kohn and Vogelius [16] proved that A determines ~(z) and all of its
derivatives, but only on the boundary, if 992 is C*°. Sylvester and Uhimann [24]
proved for n > 3 that A uniquely determines , if 9Q is C> and v is in C>(Q)
(global uniqueness). The 2-dimensional case, however, is the hardest, as un-
like in n > 3, the inverse problem for n = 2 is not overdetermined. For n = 2,
Sylvester and Uhlmann [23] showed uniqueness (up to a change of coordi-
nates) for v(z), when log(det v(z)) is small in C®. This result was strengthened
by Nachman [18] who showed that for n = 2, A determines ~(z) uniquely (up
to a change of coordinates) without the extra assumption used in [23]. Then
a new proof of the main result of [18] was provided by Brown and Uhlmann
[4], where instead of considering a second order Schrodinger equation, they
studied scattering for a particular first order system, as was previously done by
Beals and Coifman [3]. Other uniqueness results in two dimensions were ob-
tained by Grinevich and Novikov [13], by Isakov and Nachman [14], by Isakov
and Sun [15], by Mandache [17], with one of the more recent ones by Astala,
Lassas and Paivarinta [2].

In this paper we provide a different proof of Nachman'’s result. We believe that
the methods used in our proof (e.g. the absence of the essential points dis-
cussed in Section 6) can be used to solve the inverse boundary value problem
for a more general second order operator.

We shall prove the following theorem

Theorem 1 Let

,p=1,2 (1.3)

2
L,(z,—i0,) Z

with corresponding A, defined as in (1.2).
If Ay = Ay, then there exists a diffeomorphism y = S(x), such that




(Js(x)" () Js(x)

Y2(y) = det(Js(2)
where Jg(z) is the Jacobian matrix of y = S(x).
Moreover,
S =1 on of.

To show that A determines ~(x) uniquely (up to a change of coordinates), we
proceed as follows. In Section 2, we use Fadeev's fundamental solution and
introduce two intermediate objects hq(z,t) and hy(x,t). We then show that A
determines /hvl(—2zR(t), t) uniquely (where hy stands for the Fourier transform
of hy). Note that our proof here is similar to that of Nachman except for the
fact that we first consider our operator L as a sum of the negative Laplacian
—A and M, where M is a differential operator with compact support, while
Nachman considers L as a sum of —A and ¢, where ¢ is just a function with
compact support. In Section 3, we follow a method previously employed by
Sylvester [21], and by Eskin and Ralston [11], which consists of reducing the
anisotropic conductivity ~, to an isotropic one, which results, after a change
of dependent variables in a Schrédinger equation with the potential ¢(z). In
short, the path we take to show A determines ~(x) can be summarized in the
following diagram:

A — hi(=2zr(t),t) — hi(z,t) — q(z) — ()
In Section 4, we once again use work of Nachman [18] to derive a so called

9-equation; however, our proofs of some key points are different and new (i.e.
the proof of the absence of the exceptional points of L). In Section 5, we

show that hll/(—QzR(t),t), which we obtained after the change of variables
from H(*QZR(t),t), is in fact equal to E(f2zR(t),t). This allows us to use
7zv1//(—2zR(t),t) and show that it determines h{(«,t) uniquely, in Section 6, us-
ing the 9-equation. Finally, in Section 7, we show that 1/ (z,t) determines ¢(z),
which in turn determines ~(x) using the definition of ¢(x), via a(s(z)) and the
change of variables obtained earlier in Section 3.

2 Adetermines hy(—2zg(t),t)

Consider a differential operator L(x, —:9,) defined as follows,

2
L(z,—i0,) = — %(W@)%) where v (z) € C>(R?) (2.1)
1 J

i,j=
so we see that Lu = 0 is equivalent to the first equation in (1.1). Assume that
2 2 1, i=j
e e > 2 ij _ S ) =
>y §Z§j77252,7>0, and v (z) = & {07 P2 for |z| > R.

i,j=1

(2.2)



Note that we can rewrite L as follows,

L(w, —ids) = —A + M(z, —idy) 2.3)
e R
where A is the Laplacian and M (z, —id,) = — >  ——((y" - 6“)673]_).

ij=1
Hence it follows from (2.2) that M (z, —id,,) = 0 when |z| > R.

We will need to consider the following integral equations. First, let E(z, z) be
Fadeev's fundamental solution of (—id, + z(t))?, i.e.

x,z) =
’ (2m)2 Jrem-n+22-0

where integral is given in distributional sense, and where z = (¢,it) € C2.
Assume that h; is a (compactly supported in x) solution of

hy + M(Ehy) = —M(1) (2.4)
where M = M(x, —i0, + z(t)), and define hqy by
ho =1+ Ehy (2.5)

where o
1 fln)emdn

E =
f (2m)% Jr2m-m+2z-1

Using (2.4), (2.5), we obtain
ho + EMhg = 1. (2.6)

Definition Let L ; be a space with the norm || f[|7, = [p.|f(2) (1 + |z])**dx
(note: it is equivalent to the weighted L? space L? with its norm given by

11122 = Jez [F(@)P(1 + |2[?)*da).

Lemma 2.1 i) (I + EM) is Fredholmin L, _; __(R?).
ii) (I + EM)ho = 1 < L(x, —i0y + 2(t))ho = 0 with ko — 1 as |z| — oo

Proof :

i) To show that I + EM is Fredholm, let A(z, &) be the symbol of I + EM, then
2 U(x)&i; 1

Az, €) = Z”:lz_P( s +O(H) and from the original assumption on v, we

get |A(z,€)| > ¢, when |z|? + €] > N and hence A(z,£) is an elliptic symbol

of order 0. Hence I + EM is a Fredholm in Ly g, Vs [9].




i) < : We have the following sequence of equalities

(M + Lo)ho = Lho =0 (where Ly = (—id, + z(t))?)

Lo(ho — 1) = —Mhyg (as Lo(1) =Ousing z - z = 0)

ho—1=—FEMhyg (since E is a fundamental solution of Ly and
E: LQ)%JFE —>L2’7%7€bounded, by (2.20)[7])

U

= (I+EM)hy=1

=: applying L, to both sides of (I + EM)hy = 1 and going in reverse of the
above, we obtain Lhy = 0. To see that hy — 1 as |z| — oo, we use estimate

similar to that in [8] to get EMho =0 (|m\’%) so that using (2.6), we see that

ho —1=0 <|x\’%) hence ho—1as [z[—oo,infacthg —1€ Ly 1 ..

We now will follow Nachman [18] (and some ideas that go back to Novikov
[19]), to show that A determines }Lvl(—2zR(t),t). Note that here the difference
between our case and Nachman’s is that he considers the equation with ¢(z) a
potential with compact support, while in our case we have a differential opera-
tor M (x,—id, ) with compact support.

Lemma 2.2 Given L = —A+M(x,—i0,), Aj determines H(—2zR(t), t), where
Ay is a Dirichlet-to-Neumann operator, as in (1.2), and h;i(&,t) is a Fourier
transform of h;(x,t), where hq(x,t) as in (2.4).

Proof : We wish to show
(UOIBQ’ (AM — Ao)u‘aﬂ) = / quudx (27)
Q

where u, ug € H*(), Lu = 0, Aug = 0in , and Ay is a Dirichlet-to-Neumann
operator for A, i.e. if

Aug = 0inQ
u0|89 = 9
then 5
UQ

Aog = %‘352'

Indeed, we have
0 = /(Lu)uoda: = / (=A + M)uugde = | —Auugdr + | Muugdz
Q Q Q Q

/VuVude—/ %uods—l—/(Mu)uodx, (2.8)
Q o0 On Q



where the last equality in (2.8) is obtained by integrating the first integral by
parts.
We also have using integration by parts

n

Oz/Auoudx: —/ VuOVudx—i—/ %uds. (2.9)
Q Q oq 0

Hence (2.8), (2.9) give

0= /(Lu)uodac —|—/ Augudr = / (%u — @uo)ds + / (Mu)updz (2.10)
Q Q aq On on Q
Since A is a symmetric operator, note that

3u0

0 %uds = (AOUO|BQ’U’|GQ) = (u0|aQ7A0“|ag)' (2.11)

Then (2.10), (2.11) give

0 = (U()’aQ,AOU’{jQ) - (u0|aQ>AMU|aQ> + / (M’U/)’U/OdZL‘
Q
(uo’an, (Ao — AM)U‘&Q) + / (Mu)ugdx (2.12)
Q

and (2.12) yields (2.7).
Next, we will need a few intermediate lemmas to prove Lemma 2.2; we will first
state them and outline how they will be used to prove Lemma 2.2, and later we
will prove them as well.

Lemma 2.3 Given ho(z,t)|,,, h1(~22r(t),t) will be given by

hy(=2zR(t),t) = — /m e (Apr — Ao)h(, t)ds (2.13)

where o (z,t) = ho(x,t)e®?, hy is a solution of L(x, —id, + z(t))ho = 0, where
ho — 1 as |z| — oo, x = (x1,22) and z(t) = (¢,1it), t € C.

Lemma 2.4 The trace on 99 of the function v (z, t) satisfies the integral equa-
tion
V(@ )| g = €% = Si(Anr — Ao) (v(x, 1) (2.14)

where S, is a single layer operator corresponding to G;, where
Gi(x) = e B, 2),

E(x, 2(t)) as before,
ie. Sif(x) =G flyg = [oa Gile —y)fy)ds.

Lemma 2.5 I+ Si(Ay — M) is a Fredholm operator: H*(0Q)) — H?®(092), for
any s.



Definition: ¢ is an exceptional point of L if there exists v # 0, u — 0 as
|z| — oo, such that L(x, —id, + z(t))u(z,t) = 0 in R?.

Lemma 2.6 3h, such that h|,, # 0 and (I + Si(Ar — Ao))hl,, =0
iff £ is an exceptional point of L.

We describe how these four lemmas reduce the proof of Lemma 2.2 to show-
ing that L has no exceptional points. Once we have shown that (2.14) holds,
to solve (2.14) for ¢ (z,t) we would need to know that (I + S;(Ay — Ag)) ™t
exists. To do that we will use lemmas 2.5, 2.6 in the following way, first, us-
ing Lemma 2.5, we find that to show that (I + S;(Ay — Ag)) ™! exists if and
only if ¢ is not an exceptional point, it suffices by Fredholm alternative, to show
that (I + S:(An — Ap))h = 0 has a nontrivial solution 4 iff ¢ is an exceptional
point. Finally, if L has no exceptional points, it will follow from Lemma 2.6 that
(I+S;(Ap—Np))~t exists and, hence we can recover (z, t) from A,,. There-
fore, using (2.13), we obtain the result.

So it remains to prove lemmas 2.3, 2.4, 2.5, and 2.6.

Proof of Lemma 2.3 : Use (2.7) with v = ¢ (x,t), ug = eiw =) to get
(€20 | g0 (Anr = R0)t(, 1)) = /Q " M (2, ~i0, ) (x,t)de (2.15)

(note Ae™™* =0, L(z, —id;)Y(x,t) = 0, and % (z,t) € H'(Q))
Also

/ e”'jt)M(x, —10,)¢(z, t)dr =

Q

= / ¢ 2O M (x, —id,) (ho(z, 1)’ *®)) dx
Q

= / e”'meiw'z(t)M(:C,—iaz + 2(¢)) (ho(z, t))dz
Q

/ 22RO N (3, =iy + 2(1)) (ho(, t))da
Q
= —hy(—2zg(t),1), (210

where the last equality in (2.16) is due to hy = —Mhgy (see (2.4), (2.5)). So
(2.15) and (2.16) yield (2.13).

Proof of Lemma 2.4 : Take = ¢ Q, use (2.7) with uy(y) = Gi(z — y) and
u(y) = (y,t). Note for y € Q, uo(y) is smooth, A, G (z—y) = 0, u(y) = »(y,t)



satisfies (—A + M)u(y) = 0, and ¥(y, t) € H*(). Hence we get

[Se(Anr — No)y (-, t)](z)
4 Gy * (Avr — Ao)y (- |dQ

= Gt(aj —y)(Aar — Ao)(y, t)ds

(27) / Gi(x — y) M (y, —id,) (¥(y, 1))dy

- /QGt(f — Y)Y M (y, —idy, + z(t))(ho(y, t))dy
= ez / Gi(z — y)e' ™= N (y, —id,, + 2(t))(ho(y. t))dy

_ / Bz — y, t)M(y, —idy + () (ho(y, 1))dy

= T EFR(M(x,—i0, + 2(t))ho(x, 1))

29 e (1 — ho(x, 1)) = @) —g(z,t) (2.17)
S0 (2.17) holds Yz ¢ Q, hence restricting (2.17) to 952 from the outside gives
(2.14) as needed.

Proof of Lemma 2.5 : We will first show that S;(Ax; — Ap) is compact.
Indeed note that by definition of 2, i.e. since {z : || < R} C Q, we have M =0
near 012, so the principal symbol of A, and of A, are the same, so the operator
A — Ap is of order 0 and it is bounded, also since S; a single layer operator is
compact (see for example, theorems 3.2, 3.4 of [6]), it follows that S; (A — Ag)
is compact as a product of a compact and bounded operators, as needed to be
shown. Hence I + Si(Ayr — Ag) is a Fredholm operator.

Proof of Lemma 2.6 :
<: Suppose that t is an exceptional point of L, i.e. there exists u # 0, such
that

(=10, + 2(t))? + M (2, —i0, + 2(t)))u = 0 in R? (2.18)
and u—0 as |z| — oo, then ((—id, + z(t))*)u = ( M(x, —i0, + z(t)))u in R,
M has compact support, so M (x, —i0,+2(t))u € Lo VS in particular M (x, —i0,+
z(t))u € Ly 1., and since
E:Ly1,.— Ly, 1_.isbounded, we get

u=—E(M(x,—i0; + 2(t))u(x,1)).
Next we will show that if we let h(z,t) = e'**()y(z, t), then this h will satisfy

(I + Se(Anr — Ao)) hlag = 0.



Note that (2.18) implies that h # 0 satisfies
L(x,—i0,)h = (=A + M(x,—i0,))h = 0in R%. (2.19)
Now, going backwards through the sequence of equalities in (2.17), we have
h(z,t) = e**Ouy(z,t)
—e* ) B(M (x, —idy + 2(t))u(z, 1))

—  _ptma() g E(x —y, t)M(y, —i0y + (1)) (u(y, t))dy

= —eE® /2 E(z —y,t)M(y, —id,) (h(y,t))e"¥*Ody
R

= - \/]R?‘ E(-T - Y, t)M(y, 728y)(h(y, t))ei(xfy).z(t)dy
- /RQ Gi(x —y)M(y, —idy)(h(y,t))dy
e (2.20)

We now use (2.7) again with uo(y) = G¢(z —y) and u(y) = h(y), so Vz ¢ 2, we
have

(Se(Asr — Ao)h)(@) = / Gl — ) M(y, —idy)(h(y,1))dy
= Gyx Mh(x) = —h(x,t), (2.21)

so, as before, approaching 02 from the outside (as in (2.17)=-(2.14)), (2.21)
yields
(I+St(AM—A0))h|6Q =0 (2.22)

Note that i # 0 on 012, since if h]m = 0, then we would have

(~A+M)h = 0inQ (2.23)
h’agz =0

and since we are assuming that solutions of this BVP are unique, see (1.1), it
follows that A = 0 in Q. Then since M is supported inside €, (2.19) would im-
ply that h is harmonic outside €. So (2.23), particularly h’ag = 0, by continuity
from inside gives % 20 = 0, and hence the Cauchy data for  is zero, so h = 0,
contradicting h being a nontrivial solution of (2.19). So h # 0 on 0f2, and along

with (2.22) we have shown one direction of Lemma 2.6.

= Suppose 3h, h|8Q # 0 satisfies (2.22). We want to show that ¢ is then an
exceptional point of L.
Take this h, and let

v(z) = —(Se(Ar — Ao)h)(2), = € R? (2.24)



Let v_ (respectively v,) be the restrictions of v to 92 from inside (respectively
from outside).
Then from (2.22), we get

v_ = h =v4 0n o (2.25)
and by jump relations for the single layer potentials (see [26], [8]),
vy Ov_
o~ 5 = (A = Ao)h (2.26)

Also note that v is harmonic inside 2, indeed

JAVRY Dgp(—(Se(Anr — Ao)h)(2)) = =2, Gi(z —y) (A — Ao)h(y)ds

o0

= — | L:Gi(z—y)(Ay — Ao)h(y)ds =0 (2.27)
o0

(asx e, yed, sox—y#0).
Now using (2.27) and (2.25), we have

Av = 0inQ (2.28)

Il
=

v|aQ

So by definition of Ay, (2.28) gives

Agh = 2= (2.29)
on

and substituting (2.29) into (2.26), we get

9+ _ Ay (2.30)
on
Now let
B Pyh e
g= { v 20 (2.31)
where Py, is such that g = Py/h in Q means g solves
(=A+M)g = 0inQ2
9’852 = h
(also note that therefore %‘asz = Aprh by definition of Ayy)
Hence on 012, we get
g-=h=vy =g, (2.32)
and 5 5 5
9= _ Npyh = 8 = D% (2.33)

on on on



where first and last equalities in (2.32), (2.33) are obtained from (2.31), and the
middle equality in (2.32), (2.33) are by (2.25) and (2.30).
So (2.31), (2.32), (2.33) and Av = 0 outside Q2 imply that ¢ solves

(=A+ M)g=0in R (2.34)

Recall, to show that ¢ is an exceptional point of L, need to show 3 a function
u # 0 solving (2.18) and such that v — 0 as |z| — occ. Let u = ge~***() then
(2.34) shows that u in fact solves (2.18) in R2, so remains to show that u — 0.
Note from definition of g (2.31), g = v when x ¢ . From (2.24), we get

’U,(.T, t) = U(m)e—ix.z(t) — _e—iw~z(t)(st(A]w _ Ao)h)(x)
— —B(M(z,—i0 + (1) (Parhe= 0,

where the last equality follows similarly to (2.17). Since once again M has
compact support E(M (x, —id, + z(t))(Pyhe™®*1)) = O(| l\l )s
x| 2
SO u = O(ﬁ), hence v — 0 as |z| — oo, (@nd u € L, _1__).
x| 2 2

3 Change of variables

Lemma 3.1 Given Lu = 0, where L as in (2.1), there is a change of coordi-
nates y = s(x) = (s1(z), s2(x)), such that

L(Z, 71812)“’(1:) = L/(ya 7iay)u/(y)‘y=s(x) = L//(ya 7iay)u,/(y)|y=s(w) (31)

where

u”(y) Y2 () (y),
2
L' (y, —idy) T Z ay (3.2)
df : 3
. al/? Aal/?
L"(y, —id,) = dx(y) (—A + (S)) (33)
dy
where ,
.. 881 (981 def dx
— 1J -
a(y) Zv (7 0 50 5 o s,V | T
and p .
X
diy — Jsfl(y) — 72% g% .
855 853

6m1 a.’EQ



Proof : We will show that there is a change of coordinates y = s(x), such that
Vu,v € C§°(R?)

(L(z, —idy)u(x) o s~ (y),v(y)) = (L' (y, —idy)v (y), v(y))

First consider,

(L(x, —i0z )u(x),v(x)) = /]R2 <_ Z 8(231» (,ywaij)u(x)) v(x)dx

integrating by parts we get

2

ou Ov
/Rz Z ’Y ( )(91'] 5l‘ld

1,j=1

So
(L<m, —idy )u(x) o s*1<y>, v(y)) =

B ou' sy ov 0Os, dx
N lg:l /R2 Z 6yk 3sc] Z:: Oyp Oz; dy
- Osy, Osp\ Ou’ Qv |dx
B /Rz Z 2 oz ; Bmi) Ayk Oy | dy dy (3.4)

k,p=1 i,j:

We will use the notation (f,g) = Z?jzl v% f;9;, so if we require that y = s(x)
make the y-coordinates isothermal, we need to have

<VS1, VS1> = <V52, V82>
<VS1, V82> = 0 (35)

We will show later that, in fact, such change of coordinates exists, but assuming
it for now, and continuing the computation of (L(z, —id,)u(x) o s~ *(y),v(y)),
we find by (3.4), (3.5) that

(L(z, —i0z)u(z ) 8’1(y)7v(y))
ou’ dv
/ Vsl,Vsl Zayl 8%

Z VS1, VS1 dl‘

R2

dy

>3u v (3.6)

yi 8yz

and integrating the first integral of the (3.6) by parts, we get
(L(z, =i, Ju(x) 0 57 (y), v(y)) (3.7)

/]Rz <_i aayi ( VL Vs ) 27;) v(y)dy

1

dy



Now (3.4), (3.7) give L(z, —i0,)u(xz) = L'(y, —i0dy)u'(y), where L'(y, —id,) is
the operator in (3.2).

We now will show that there is a change of coordinate y = s(z), satisfying
(3.5). We will employ the method in [7]. We are solving the system (3.5).
Letting ¢» = s1 + is2, (3.5) could be written as

(Vo, Vi) =0 (3.8)

factoring (3.8), we get
oY oY oY -0y
1Yy Yv Y YY)
7 <8x1 /\8952) <8x1 A@xg) 0

. 2
| —iy/y1y?2 = (y12)7 =412

,Yll

where

Note that A = —i, when |z| > R.
To solve (3.8), we will look for solutions g(z) of ¢(z) = z1 + iz2 + g(x), where
g(z) — 0 as |z| — oo, and simply solve

9\ _

81‘1 8x2 0
by finding ¢ such that
g dg .
Note, that we can rewrite (3.9) as
99 Oy
= _ == A
oz Mo, TV (3.10)

where
11422 (712)2 _ 711 _ le
A11h22 (712)2 NI By b
Note that || < 1 and p = 0 when |z| > R.

Remark: Though, we will not use this until Section 7, it is worth noticing that,
since A = —i, when |z| > R

Iu:

oY o
— = A=—=0
8%1 81‘2
reduces to 5 5 5
Q—w = —w+z—w =0, when |z| > R

82 o 31’1 8$2



and so ¢ (z) is therefore analytic when |z| > R.
Now using Ahlfors’ method in [1], we find a solution g to (3.10), such that

1
D=0 <|z|a+1> as |z| — oo, |a| < 1. (3.11)

It also follows from [1] that y = s(z) = (Re v, Im ) is a one-to-one map with
nonvanishing Jacobian. Hence there is a change of coordinates y = s(z) sat-

isfying (3.5).

We now will derive the second equality in (3.1).
Let u”(y) = a*/?(y)u/(y), then

0 ou’ a2 (9a\?® a28%)\ , 172 0% (y)
_ e e 2200 W) (310
i (aay) ( 4 (8%) 2 o )W T g 42

K3

2 —3/2 2 —1/2 52
Sousing Aa'/? =" -4 (6(1) + a0 g (3.12), we get

=1 4 ayl 2 8y12
2.9 ou’
= —Aal/2y" 1/2
; Oy; (a ayi> = —Aa#u"(y) + a7 A" (y) (3.13)

SO

al/Z(y) " Aal/z(y) ”
- (-our+ S

This shows the second equality in (3.1)
Note, if we call

Aa'l?(y)
= —__ 7/ 3.14
then 1o
0= L/lu/l _ a - (y) (7& + q(y)) u”(y),
ay
hence
(=L +qly))u"(y) =0 (3.15)
2
o 0s1 0s1 |dx
, — ij 1 =
Let's look closer at a(y). Recall, a(y) Z v (s (y))axi 9z, |dy|

i,j=1
From (3.11), we know that

1 dg 1
=0| =], 5==0|—75| as|z| = oo.



and y = s(z) = (Re ¢, Im 1), where ¢(z) = z + g(z),

1 o 1
S0Y(z)=z+0|—)and —=14+0| — |.
Since we showed earlier that ¢(z) is analytic when |z| > R, we know that
Cauchy-Riemann equations are satisfied, i.e

881 o 882 nd (951 - _652

R === 3.16
0x1  Oxo a 0xo o0x1 ( )

Now, when |z| > R, |y| > R (as by above s(z) = 2z + O <|;|>) and hence
74 (s71(y)) = §, then using (3.16), we get

881 2 881 2 651 882 851 882 -1 (3.16)
~ oz, Oy D21 02e Dz Orr =71 wh .
() ((E)m) * (8@) Ox, Oxy Oz 01, when |y| > R

(3.17)

4 The 9-equation

Our goal in this section is to show that hq(z, t) satisfies the following 9-equation

8h0 e—2iz~zR(t) B
Y - hi(=2 4.1
of At hl( ZR(t)at)hO(xat) ( )

To do this we will need the following two lemmas.

Lemma 4.1 (I 4+ EM) " exists if and only if (I + EM’)"" exists, where M =
M(z,—i0; + 2(t)) and M (z, —i0;) as in (2.3), M’ = M'(y,—i0, + z(t)) and
M'(y,—idy) = A+ L', where L’ as in (3.2).

Proof : Using Lemma 2.1, and similar results for L’ and M’, it is enough to
show that 3! hy a solution of L(x,—id, + z(t))ho = 0, such that by — 1 as
|z| — oo, if and only if 3! Aj a solution of L'(y, —id, + z(t))h( = 0, such that
hy — 1 as |y| — oo.

We start from

L(z,—i0y + 2(t))ho =0, with hyg — 1 as |z| — oo (4.2)
multiplying (4.2) by ¢’**(*) and after a simple computation, we get
L(z, —id,) (e *Ohg(x,t)) = e * O L(x, —id, + 2(t)) (ho(z,1)) =0 (4.3)
Now changing variables y = s(x) in (4.3) gives
L'y, =id,)(e" W= Oho(s7 (1), £) = 0 (4.4)
Again multiplying (4.4) by e~ *(®*) we get

L' (y, —idy + 2(t)) (e’ @90 po (571 (y) ) = 0 (4.5)



and set
By, t) = €7 70O g (57 (y), 1) (4.6)
. 1
Then since s™'(y) = y + O() s |y| — oo, hy(y,t) — ho(s™'(y,1)) as |y| —
Y
oo. Hence as |y| — oo, we find that h((y,t) — 1. So h{(y,t) is a solution of
L'(y, —idy, + z(t))hfy = 0, satisfying h) — 1 as |y| — oc.
We can similarly show, starting with a solution u of L'(y, —id, + z(t))u = 0,
u — 1 as |y| — oo, that we can obtain a solution v of L(x, —id, + z(t))v = 0,
v —1as|z| — oc.

Also note that kg is unique if and only if A is; this is immediate from the relation
(4.6).

Lemma 4.2 I+ EM’is invertible for ¢ # 0.
Proof : By Lemma 2.1 we only need to show that
L'(y,—idy + 2(t))g =0, g—0asy| — oo 4.7)

implies that ¢ = 0.
From (3.2) we get

dx

k| Sl Way) _ Ylidneg
a(y) aly) a a(y)

So to show (4.7) implies g = 0, it is enough by (4.8) to show that

S e (2 +in)
a(y)

L'(y,—idy) = — (4.8)

((iay +2(8))* — ) g=0, withg —0as|y| —

(4.9)
implies that g = 0.
We can rewrite the equation (4.9), as

(( 0y + 2(t —zZA ( +zj(t))>g=0

Oa

0y
’_. Note that A;(y) € R.
a(y) ]( )

Let g, = e'V*r(1) g, then ¢, satisfies (by computation similar to (4.2)=(4.3))

2
(( 10y + 1 Im 2(t) ZZ ( 8y +z[mzj(t)>) g1 =0 (4.10)
- j

J=1

where 4; =

Recall z(t) = (t,it) = (t1,—t2) + i(t2,t1), SO Im z(t) = (t2,t1), and (4.10)
becomes

RS

J



where

Simplifying (4.11), we get

_(a_t)Q _<a_t>2 4 (a_t) o (6_t> _
8y1 2] g1 8y2 1] 91 1 3:!/1 2] 91 2 8y2 1] 91

(4.12)
Next, we let v = i —t2 ] g1, va = i —t1)g1 =
Oy Y2
Note that 5 5
— —ti == —ty | 4.13
(5’92 1) ' <8y1 2) ? ( )
Substituting v; and vs, (4.12) becomes
— i — tg V1 — i - tl Vg — Alvl - AQUQ = 0 (414)
oy Y2
Now letting w = vy + ivg, and using (4.13), (4.14) gives
0 e w~+ W w—w
so
i—&-it w—1 i—it w+ Ajw+ Aw =0 (4.15)
ayl 1 8y2 2 1 2 - .
where ) )
14/1:141—7,1427 AIQZA1+ZA2
2 2
Now letting wy = e!(W1t1—v2t2), (4.15) gives
0 .0 _ it —
0 = <8y1 — Zayz) w1 + All'LUl + A/21,U1 (62 (yltl y2t2)>
= 9 _ 7i wy + [ A+ eZi(ylt17y2t2)A/2@ wy (4.16)
oy Y2 w1
Note that as g — 0, g1 = e?¥"*2() g — 0, when |y| — oo, also note that gg — 0.
Yi
Indeed, g + EMg =0, so
dg 0 0 0
= _ EMg)=—-FE Mg)=—-EM — EM; 4.17
a0, ayi( 9) ayi( 9) o g (4.17)

where second equality in (4.17) holds because E(Myg) is a convolution of E
and Mg, and M; stands for operator obtained from M by differentiating its
coefficients in y;. Now since M has compactly supported coefficients and E
is a convolution with a function which goes to zero as |y| — oo, it follows from



0
(4.17), that 99 . 0as ly| — co. Hence 22 — 0.
Ay y;
Therefore,
w = v +ivy = i—t +i i—t

= 1 2 = 3y1 2|91 6y2 1) 91

= i‘#ii fi(t fit) H0a8|‘~>oo

= B B2 g1 1 2)91 Yy .

Hence w; = ¢/W1t1=#2t2)y; — 0 as |y| — oo as well.
We now will prove the following

Claim 4.3 Suppose % + B(z)w = 0, where B is bounded and compactly
supported. If w — 0 as |z| — oo, then w = 0.

This is due to Bers-Vekua [25], sometimes called a Vanishing Lemma.

Proof : Take 1, such that ?,;’D

Z

= B, i.e.

1 [ B(yi,y2)
™ JRr2 Z_E

Y(z) = — dyr dys,
where £ =y, +iys, 2z =x1 + ixo.

Note that ¢» — 0 as |z|] — oo because B has compact support.
Now let f = we?, then

of  ow pO0
55 = 53¢ + we 77 =0, Vz
so f is entire.

And as ¢ — 0, and w — 0 by assumption, we get f — 0 as |z| — oc.
So by Liouville’s Theorem, f = 0. Hence w = 0, so Claim 4.3 is proved.

Now, recall we had equation (4.16), which could be written as

0
where we used % = % (;yl - Zai) and
1 . wy
B = 5 (All (y) + Aé(y)e2z(y1t1—y2tz)m> (4.19)
w1

Note that taking complex conjugate of (4.18), we get

9 _
%El +B@1 = 0



So the same conclusion holds for equation (4.18) as for the one in Claim 4.3.
Hence to conclude that w; = 0 in (4.18), all we have left to show is that B is
bounded and with compact support.

Indeed, from (4.19) we get

|B| < C (|4} + |AL]) < C(|A| + |As]), C,C > 0 constants.

da

Recall 4; = ayj), a(y) is smooth and by (3.17) a(y) = 1 when |y| > R. Hence
aly

A;(y) = 0when |y| > R, so B is continuous with compact support, so bounded,
and therefore, by Claim 4.3 it follows that w; = 0.
So w = etviti=v2t2)y,, = 0. Hence v; = vy = 0, and therefore

9 Na—o= (2 _,
oy )T T o )
Taking Fourier transform in y;, we get

(i€ —t2)g1(61,62) = 0 = (i&2 — t1)§1(&1, &2) (4.20)

If t #£ 0, then either ¢, #0orty #0, so (4.20) yields §1(&1,&2) = 0, and hence
91(y) = 0,50 g(y) = e =gy (y) = 0.

We will now state and prove the main result of this section.

Lemma 4.4 The function hy(z, ) satisfies the d-equation (4.1) for t # 0.

Proof : We start by taking % of (2.6), to get

ohy 0 B
Using Lemma 2.1 of [7], we know that if
f(m)dnydn;
I(t) = —_—
) Rz 71+ 22(t) -
then 5 5 5
1 us
— (I =—|=—+i— | =—=f(-2 4.22
GO =5 (5 i) T = -FrC2at)) @22
We will now compute %(EMho):
0 0 1 J\//.?h/oe”'”dmdnz
—(EMh = —= 4.23
815( o) ot ((271')2 r2 N1+ 22(¢) -7 ( )

— ——=Mho(—22g(t),t)e” 2=~
wont ey amep Mol 2R, e ’




where to obtain the last equality in (4.23) we used %M =0as M is a
polynomial in z(¢) and z(t) = (¢,4t) is analytic in t, and equation (4.22) with
f(n) = Mho(n, t)e’™ .
So (4.23), using the definition of E'f, becomes

o aho efQix-zR(t)N

where we used
Mho = —hy (4.25)

which follows from (2.4), (2.5).
Hence substituting (4.24) into (4.21), we get

Ohy Ohg g2z zr(t) —
Now using lemmas 4.1, 4.2, it follows that (I + EM) ™" exists for t # 0, so
(4.26) gives
3h0 1 672ix‘zR(t)~
— = [+ EM ————hi1(—2zR(t),t
= e (<R 20,0

__ha(=22(),1) (I + EM) (e 2im=r (), (4.27)
4t
where the last equality in (4.27) holds because (I + EM) ' is an operator in z
only.
Now to compute (I + EM) ™" (e~2i=#r(1)) we will proceed as in [7].
Using (2.6) and (4.25), we obtain

1 7 x-m
ho(z,t) =1+ / P, )™ (4.28)
R

(2m)? Jp2 n-m+22(t) -
Taking complex conjugate of (4.28), we get
- 7 —iz-n
ho(e D) =14 / (g, t)e . (4.29)

then changing variables —n' = n + 2zx(t) in (4.29) gives

ho(z, 1) = +1,  (4.30)

1 / EI(_"]/ — 2ZR(t)7 t)e_iw'(—’fl/—QZR(t))dn/
(2m)? Jpe o +=(0))?

and multiplying (4.30) by e—2#2z(%) e obtain

— 1 hy (=1 — 2zR(t), t)e ™ dy .
ho(x’t)efmm-z}q(t) _ > / 1( n ZR( )a 26 n + 672zz~zR(t) (431)
(27)? Jp2 (0 + 2(t))

We next prove the following:



Claim 45 hy(—y — 225(t),t) = F (—M(a:, —id, +z(t))(ho(x,t)e—M-ZR(ﬂ)),
where F(u) is the Fourier transform of w.

Proof of Claim : From (2.4), (2.5), hy(z,t) = —M(z, —i0; + 2(t))ho(z, 1), SO
hi(n,t) = — [po M (2, —i0, + 2(t))(ho(z, t))e~ " dz, hence

hi(n,t) = — 5 M (z,id, + 2(t)) (ho(x, t))e™ dz, (4.32)

changing variables —n’ = n + 2zg(t) in (4.32) gives

hi(—n —2zp(t),t) = — [ M(x,i0y + 2(1))(ho(z, t))e ™ (1 +22r(0) gy
R2

= F(—e 2 OM (2 i, + () (ho(w,0) ) (4.39)
Note that we have the following sequence of equalities:
e 0N (2,0, + 2(0)) (ol )
M (z,i0; — 2(t))(ho(z, t)e=2==r (1))
= M(z, —i0; + 2(t))(ho(z, t)e~ 2= =r1) (4.34)

where the last equality in (4.34) follows from the definition of M, i.e. because
M(z,§) = M(z, —=¢).
So (4.33) and (4.34) yield Claim 4.5.

Now using (4.31) and Claim 4.5, we get
6722'93-23(15) . mefﬂx-zla(t)
1 F (M@, =i + () (o, e~ 22r0) ) e’y
- (2m)? /R (' + =(t))*
which is simply, by the definition of £ f,

To(z, D)e~ 2 r®) | g (M (We—%m-zg(t))) _ ¢~ imEn(t) (4.35)
and since (I + EM) ™" exists for t # 0, (4.35) gives
o, Qe 25RO — ([ 4 EM) ™" (e720m(). (4.36)
Hence (4.36) and (4.27) yield (4.1) as needed.

S5 hi(-2zr(1),t) = hi(=22r(1),t) = h{(—225(t),1)

Similarly to Lemma 4.4, we can show that the same d-equation holds for A/,
and h{ as for hg, where

L(z,—i0, + z(t))hg = 0, hy—1las|z|—

L'(y,—idy + z(t)hg = 0, hy—1las|yl — oo

L (y, —10y + 2(t))hg 0, hy—1las|yl — o



where L, L', L' asin (3.1), (3.2), (3.3), i.e. we can show that

Oh! 't e~ 21y zr(t)
l) R (~aenlt), O D) (5.1)
and 0 »
ah// ,t —2iy-zr(t)
0D R (22 (t), D5, ) (5.2)

hold, where R}, h{, are defined by (2.4), (2.5) with M replaced by M’. Likewise,
Y, h{ are defined by (2.4), (2.5) with M replaced by M", where M" (y, —id,) =

dz
dy

@ (y)

L"(y,—i0y) + A, i.e. M"(y,—i9,) = q(y) with ¢(y) as in (3.14).

Lemma5.1 hl( 2zp(t),t) = h’( 2zg(t),t).

Proof : We have

9 iwa(t) _ iwary (€200 —
= (ho(a. e ®) e — (= 22(t). o (2, )
—iz-Z(t) __ h 2 -
- & hl(—2zR(t),t)h0(a:,t):—1(2—R())ho(x t)eie= (5.3)
A7t 4t

where to obtain the first equality in (5.3), we used (4.1) and that z(t) is analytic
o
in ¢ gives — (e>*()) = 0,
gives = (c")

Using (5.1), (5.2) we can get a similar relation to (5.3) for hy(y,t) and for
ho (y,1).
Now using relation (4.6) between hy and Ay, we get

h(y, )™ D = ho(s ™! (y), e W20 (5.4)
Hence 5 9
v iy-z(t) ) _ s (y)-2(t)
o (o 0e” =) = = (ho(s™ (v), e ) (5.5)
Now using (5.3) for ho(x), where z = s~*(y), we get
) -
il isT (y)=2(t) ) —
o (hols™ ). e )=
hi(—2zr(t),t)

I D (s (), e @0 (5.6)
4t

Then using a similar relation to (5.3) for hj(y), we get

0
ot

Hence (5.4), (5.5), (5.6), (5.7) give

(h’ (y,t)e z(t)) _ —%h’ (y, 1)eiv=(0) (5.7)

hy (=225 (t),t) = B (—22R(t), 1),



which completes the proof of Lemma 5.1.
We also want to show the following relation between hy(y) and ho(z):
By, ) = &' WO h (571 (y), 1)al 2 (y). (5.8)
Indeed we have
e W Lz, —id, + 2(t)) (ho(z, 1)) =
= L(z,—i0,) (™ *PDho(z,1))

Recall from(4.4), that if L(z, —i0, + z(t))ho = 0, then

L' (y, —id,) (e’ @)= ho(s71(y), 1)) = 0, this was after the first change of co-
ordinates, but after second change of variables u” (y) = a'/?(y)u’(y), we would
simply have

L'y, —idy) (e W= Oho(s71 (), )a"/*(y)) = 0 (5.9)
and as before (5.9) will imply that
L'y, —idy + 2(1)) (' W= Ohg (57 (y), 1)a' /() = 0 (5.10)

So we get the relation (5.8), and since s~ !(y) = y + O (\yl) so as |y| — oo,

e W= ho(s7(y), 1) — ho(s~(y),t), and also since a(y) = 1 when
ly| > R (by (3.17)), we see from (5.8), that h{(y,t) — 1 also as |y| — oo.
So then we can use the relation between hy and kg in (5. 8) to show that

hy (—2zg(t),t) = h”( 2zr(t),t) just as we did in Lemma 5.1 for h1 and h’

Hence the main result of this section holds:

hi(=2zg(t),t) = by (~22g(t), 1) = WY (~225(t), 1) (5.11)

6  Uniqueness of the solution of Ly (y, —i0 + z(t))u = 0

Suppose we have L,, p = 1,2 as in (1.3) and the corresponding Dirichlet-to-
Neumann maps, A,, defined in (1.2). Then Lemma 2.5 says that if Ay = A,

then h{ (=225 (t), t) = h{? (=22x(t), t). Hence using (5.11), we get

O (“22p(t). 1) = B2 (~22n(t). 1) (6.1)

and

—_— —_—

W (~22n(0), 1) = 1] (~22n(1). 1) (6:2)

where 1" corresponds to Ly (y, =10y + 2(t)), p=1,2
and h’l’(p) corresponds to Ly (y, —idy + z(t)), p = 1,2.



Lemma 6.1 If LY(y, —id, + =(t))hg® (y,t) = 0 with g™ — 1 as |y| — oo,

—_— —

p=1,2. Then 1/ (=2z5(t),t) = 1/® (=22x(t), t) implies that
ho (1) = ho (y,1).

Proof : Let h(y,t) = hy™ (y,t) — hyP(y,t). Since hy® satisfies the same
0-equation (4.1), we obtain

oh o—2iy 2R (t) _

E = _Thl(_QzR(t)>t)h(y’t) (63)

as

hi(=2zp(1),t) = hy P (~22g(t), 1),
p=1,2, by (5.11) and (6.2).

Let ) o
e 2wEn(t) — h(y 1)
B(y,t) = ——————h1(—2zg(¢),t 6.4
(yﬂ ) Art 1( ZR( )? )h(y,t)’ ( )
S0 (6.3) becomes
Oh _ Bh (6.5)
ot '
We wish to show that h = 0. To do that, consider
1 B !
Yy, t) =1IB = —— (v, ¢ )dt’, (6.6)
™ t—t
i.e. where II is a fundamental solution operator of % o)
N
-— =208
ot
of
Let f = he~ ¥, then == = 0.
f=he ot )
Note, from (6.4), B has a singularity at ¢t = 0, and since 87; =0, we see that f

is analytic, when ¢ # 0.
Lemma 6.2 ¢ = 0is a removable singularity of f.

Let's assume this lemma for now, then f would be analytic V¢, so f is entire.
So if we could show that f — 0 as |t| — oo, then we would invoke Liouville’s
Theorem, to conclude that f = 0. Hence we will first prove

Lemma6.3 f—0 as [t — oo.

Proof of Lemma 6.3 : By [7], (2.20), h(y,t) = hg(l)(y,t) - hlo/(z)(y,t) — 0 as
t — oo. Since f = he™Y, to show that f — 0 enough to show that 1y — 0 as
t — o0.



Recall the relation (6.6) between ¢ and B. We will use a computation similar
to that in [7]:
/ !/
/ B(y’t)dt/:/ 7A(y,t) dt/,
Rz t—t g2 ¥ (t —t)

e—2iy-zR(t)N h t
Aly.t) = - R (2t ) D)

B(y,t’) ) (/ dt’ )1/]0 (/ - /) 1/r
dat'| < C TR S — Ay, t")| dt
LAl =e( L) (LMoo

where r = ;%5 p = -5, 0 < § < 1, by Holdér inequality.

After a change of variables ¢’ = |t|w, we get

/ _oar t|2/ duw <_¢
we (=] e Jre (Jwllw — )P~ 2D

where the inequality above isdueto1 < p = 1%5 <2,for0<d<1.

So to show ¢(y,t) — 0 as |[t| — oo, enough to show that A(y,t) € L, as a
function of ¢. .

Now |A(y,t)| = C|hi(—2zg(t),t)|, from (6.7) and

where

(6.7)

SO

() = = [ awhgtne <y, ©8)

since M"'(y, —id,) = L"(y,—id,) + A and by (3.3) M"(y, —id,) is simply a
multiplication by ¢(y), where from (3.14)

Nal/?
q(y) = a1/2(5)j)'

Recall from (3.17), that a(y) = 1, when |y| > R, so ¢(y) = 0 when |y| > R, and
q(y) is smooth.
We can rewrite (6.8) as

(€)=~ /]R a(y)e” "V dy + /R a(y) (1 = hg(y. t))e™ < dy, (6.9)
so we have
hi(&,t) = =€) +/ a(y)(1 — Rl (y, t))e~ " <dy.
R2
By [7], (2.20),

C
|h6/(y7t) - 1‘ < —F—, 11 > 2, |t| > M,
IR



SO
C

U

/Rz q(y)(1 = h(y,t))e” ¥ dy| <

Note the last inequality is due to ¢(y) being continuous with compact support
and hence [ |q(y)|dy is therefore just a constant.

Also since ¢(y) is smooth and with compact support, it follows that (&) €
L.,, Vry > 0. Also note that since zp(t) = t; — ite, SO when & = —2zy(t),
|€] = 2|t|. Therefore, ¢(&) € L.,, r2 > 0 implies ¢(—2zg(t)) € Ly,, 2 > 0in t.
Hence together with the above estimates by taking r1, 2 such that » > r; and
r = rq it follows that |h1(—2z5(t),t)| € L,.

Which shows that ¢» — 0 as |t| — co. Hence f = he~% — 0 as |t| — oo, which
completes the proof of Lemma 6.3.

Proof of Lemma 6.2 :

We will use (6.3) with polar coordinates
t=re?, 1= (pcosb,psinf),

then, denoting h(z,t) = h(z,r,¢), we get

(5 + L) havro) = ater )bl ) (6.10)
where
1 . . —~
a(z,r, ) = —%6_2”"'(“’5 e -sing)p (—2r(cos @, —sin ), r, ). (6.11)

h .
Note, % = B(z,r, ), where B(z,t) as in (6.4).
Note that M"(x, —i0,) = q(z), where ¢(z) as in (3.14). We will show in Lemma
6.4 that (I + M"Ey)~! exists, and will assume it here. Using (6.11), we find
that, since we may replace h;(—2r(cos ¢, —sin ), r, ¢) by the Fourier transform

at 0,
1

a(.l?,?“, QD) = _%

( hi(z,r,)dx + O (r)) , asr—0.
R2

To determine the behavior of ¢ as » — 0 we need information on h;. The
fundamental solution E(x,t) has the following asymptotics when r— 0 ([18]):

1
E(l’7t) :EO(‘%')+%1HT+E1($7T7()0)7 (612)

where )
Ey(x) = —In|z| + Cy
2

Cy is constant, | Ey (z,r, )| < Clr|' 5,0 <e < 1.
Substituting this into (2.4) with M replaced by M”, the assumption that (I +




M"Eq)~! exists leads to two cases,
case 1.

S
1—clnr)

1
a(x,r,go):—r( O<r1—51>’€1 >0,0<r<e, (6.13)
case 2.
la(z,r, )| < Cr=c, 1>¢e; >0, when0<r <e. (6.14)

Lemma 6.4 (I 4+ M"Ey)"" exists.

Proof : Note, this is equivalent to showing that (I + M’E,)”" exists (see
Lemma 4.1). Consider g + M'Eyg = 0, to show g = 0. Note here M’ =
M'(x,—i0y).
Since M’ has compact support in Q, g = 0 for z € R?\Q.
Let v = Eyg, then

(A + Mo =0, (6.15)

since L' = A+ M', L' as in (4.8), (6.15) gives

ov
X o

2
AU—FZAia 0, inR? (6.16)
=1

da
Oy

where A; =

7 recall A; =0, when |z| > R by (3.17).

We shall show that v = 0. We have,
1

v=Eag= [ (51l =4l +G) sty (6.17)
0 T

We will consider two cases [, g(y)dy = 0 and [, g(y)dy # 0.
Note (6.17) gives

1
||

1
v= (%ln|:17| + C’o)/ﬂg(y)derO ( > , when |z| — co. (6.18)

Case 1: [, g(y)dy = 0, then by (6.18), v = o(ﬁ), when || — oo. And
hence, by Maximum principle, v = 0.

Case 2: [, g(y)dy # 0, then [, g(y)dy = ¢, c=constant,

if ¢ > 0, then v — 400 by (6.18), and so v would have a local minimum, but
since it satisfies (6.16), it would imply that v is constant, a contradiction.

if c < 0, thenv — —o0, by (6.18), so v would have a local maximum, and hence
again we get a contradiction.

Hence v = 0, and then g = Av = 0, Vz € R? as needed.



We now return to the proof of Lemma 6.2.

In case 2. (6.14), |B| = |a| = O(r—*), and ¢ = IIB is bounded near = 0. In
C

case 1. (6.13), B(x,r,¢) = Bi(r) + Ba(z,r,¢), where By = e and

By = O(r~1*<1), We will construct 1 in this case as ¢ = 1 (r) + ¥2(z, 7, ¢),

where

" cdp
= —— = O(In|Inr|).
Y1 /0 —o = clnp) O(In|lnr|)
and ¢y = IIB;. Then ¢ = O(In|lnr|) = O(In|Iln|t|) and %ﬁ = B. Hence

e”¥ =O(Inlt]) as |t| — 0, and f = he™¥ satisfies g—Jg = 0. Substituting (6.12)

into (2.4) with M replaced by M" as before, and using hg = 1 + Ehy, One can
show that h = O(Inr) = O(In|t|) as well. So we get f = he™ ¥ = O(In?|t]) =

1 _ _ o |
0 (Ws , €>0,ast — 0. And since f is analytic in 0 < [¢| < 4, it follows

that ¢t = 0 is a removable singularity of f, which completes the proof of Lemma
6.2.

So lemmas 6.2, 6.3, and Liouville’s theorem imply that f = 0. Hence h =
fe¥ = 0, which completes the proof of Lemma 6.1.

7 Proof of Theorem 1

We now are ready to conclude our proof of Theorem 1.

We are back to our region 2, so we extend v(z) from Q to R?, so that v(z) is
1, i=y3

0, it for large « .
Using Lemma 6.1 and the definition of M" (y, —i9d,) = q(y), where L (y, —id,)
as in (3.3), we have

smooth on all of R? and 7% (z) = §% =

((=idy + 2(1)* + gp(y))hg P (y,t) = 0 (7.)
with
oM (y, 1) = by (y, 1).

Then defining u, = ei=vh) ") we get

(=2 + gp(y))up = 0 With ug = u, (7.2)

by multiplying (7.1) by e®-*(*),
Hence, (7.2) gives

Auq Ausy
ql = = = q2
U1 U9
Now from the definition of ¢(y),
Aat/?
) =2 W 73)

ay*(y)



where

2 i 1 9sP) gs(P)
Yim W) 9z; (AsP) A5

ap(y) = ds(®) - ds(®) » p=1L2
dx dx
Let 1o
A
op = %(y), p=1,2. (7.4)
ap' " (y)

Then from the assumption of Theorem 1, we have
A=Ay
And we have shown thus far that it implies that

71(y) = q2(y)-

So we have

Aray?(y) _ Bay(y) (7.5)

o) @)
We will show that (7.5) implies a; = a». Indeed, let

_1)2 1/2
a=a;'"" —ay ",

then a satisfies

1/2 1/2
Aa+ ga =0, where g = La " (y) = Aay “(y)

o) @)
Recall that a; = 1 when |y| > R by (3.17), so a = 0 when |y| > R, hence

a\m =0and @| = 0, and hence by Uniqueness of the Cauchy problem,
On 199

a=0,and so a; = as.
Now a; = as, using the definition of a; gives

2 s —1 95D 951 2 - -1 95D 952
Zi,j:l vy (s () 8891: 3511_7’ . Zi,j:l 75 (s (y)) asalc 68:;_7»
ds(D) ds(2)

dx dx

or
(Js) 1 (Tsw) _ (Js@) re(Tsm) (7.6)
det(Jga)) det(Jg)) .
Let S = (s@) ' o s(!), then (7.6) becomes
T
yy = I8N MTs g 7.7)

det(Jg)



It only remains to show that
S =1Iwhen |z| > R.

Note that in the equation (1.3), for p = 1 the highest degree term is —A when

lz| > R, and after change of variables S = (s)™' o s(), we still have the
highest degree term (see equation (1.3), p = 2) —A when |z| > R. So we
call w = f(z), where f(z) is a change of variables that takes us from equation
(1.3), p = 1 to the equation (1.3), p = 2, where w = u + iv, and z = x + iy. We
get

0? 0?
and then after the change of variables,
1 0? 92\

where h(u,v) = h(f(x,y)), and where (7.9) is since *(z), i = 1,2 is analytic
when |z| > R by the Remark in Section 3, hence so is f(z) = (v®) (1 (2),
so we have from (7.8), (7.9)

FEP =12 fa)=c’ "EFuw=j)=2 (7.10)

and therefore, S = I when |z| > R, hence S|sq = I, which completes our
Proof.
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